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Abstract. This document provides supplementary information on (1)
the derivation of camera-centric IMU preintegration, (2) the derivation
of camera-centric EKF propagation, (3) the derivation of camera-centric
EKF update, and (4) more qualitative generalization results on Make3D.

S1 Derivation of Camera-Centric IMU Preintegration

Let {pwb,, qus, } and v} denote the translation and rotation from the body frame
to the world frame, and the velocity expressed in the world frame at time ¢,
where gy, is the corresponding quaternion of R,;,. The first-order derivatives
of {p,v,q} read: pyy, = v}, v}’ = al’, and qup, = Gus, ® [0, 2w’ ]T. Then the
continuous IMU motion dynamics from time i to j is given by:

waj = Py, -+ ’U;UAt —+ // (watabt _ gw)dt27 (1)
te(i,g]
’U;'U = 'U;U +/ (watabt - gw)dta (2)
tei,j)
' 1
qwbj = / quwb, 2y [O, iwa}Tdt, (3)
teli,j)

where At is the time gap between ¢ and j, and ® denotes quaternion multiplication.
By leveraging the multiplicative property of rotation, i.e., qub, = qub; @ qb,b,,
we have:

1
pwbj = wa,; + /UZUAt - igwAtz + wa,,abiij (4)
'U;U = ’U;U — gwAt + RUJbu@bibj? (5)
qwbj = qwa ® qb,ibjw (6)
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where the three integration terms that can be pre-computed read:

Qp,b; :// (Ry,p,a”)dt?, (7)
tefi,j]

Boiv; =/ (Ryp,p,a")dt, (8)
teli,j)
1
@, = [ s w0, b T ©
teli,j]

Given the extrinsics {Rep, Pept and { Ry, Ppc} between the IMU and the
camera frames, based on Eq. @D, we can first derive the camera-centric IMU
preintegrated rotation R, , as:

RCkVCk+1 - Rcbfil(qbkbku#l)RbC? (10)

where F denotes the transformation from rotation matrix to quaternion. Then
by rearranging Eq. , we have:

1

abkbk+1 = Rbk'w(p'wkarl - pwbk) - Rbkwv;}'wAt + ink’wgwAtQ (11)
1
:pbkbk+1 —'Ukat—‘— igbkAt2 (12)
by 1 b 2

= Ry, (pckbk+1 - pckbk) - At + 59 PAT (13)

By left-multiplying R, to both sides of Eq. , we have:

C 1 C
Rcbabkbk+l = kabk+1 — Pcb — ’UikAt + §g kAtz (14)

Then we consider the following two equations w.r.t. translation:

Deb = —RepPoes (15)
Perbrss = Perernyr — Bepbsy Poircrst (16)
= Pepenss — Beperir Bepiibesr Poppicni (17)

= Pereris — Bepey BevPoe- (18)

By inserting Eq. (15{18) into Eq. and rearranging the resulting formula,
we obtain the camera-centric IMU preintegrated translation:

. 1
pckck+1 = Rcbabkkarl + Rckck+1 Rcbpbc - R(:bpbc + v AL — ing Atz- (19)

S2 Derivation of Camera-Centric EKF Propagation

Let ¢; denote the camera frame at time ¢, and {b;} denote the IMU frames
between t; and time ;41 when we receive the next visual measurement. We
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then propagate the IMU information according to the state transition model:
xy = f(xi—1,ut) +we, where uy is the IMU record at time ¢, wy is the noise term,
and x; = [(bgcbtypckth,vckT,gckT, bo:T o T1T g the state vector expressed in
the camera frame ¢, except for {by,,bs}. @c.p, denotes the so(3) Lie algebra
of the rotation matrix Re,p, s.t. Rep, = exp([@e,b,]"), where []* denotes the
operation from a so(3) vector to the corresponding skew symmetric matrix.
To facilitate the derivation of the propagation process, we further separate
the state into the nominal states denoted by (-), and the error states dxp, =
[6(;’)0kat,5p£€bt, SvrT 5geT 5% T sbl:T]T | such that:

Rckbt = Rckbtexp([(sd)c‘kbt]/\)7 pckbt = ﬁckbt + §pckbt7 (20)
v = B 4 dv%, g = g + 6g, (21)
bl = by, + bl bl = b, + 5. (22)

The nominal states can be computed using the preintegration terms, while
the error states are used for propagating the covariances. It is noteworthy that
the state transition model of dx;, is non-linear, which prevents a naive use of
the Kalman filter. EKF addresses this problem and performs propagation by
linearizing the state transition model at each time step using the first-order
Taylor approximation. Therefore, let (-) denote the derivative w.r.t. time ¢, we
derive the continuous-time propagation model for the error states as:

5d3bt = F&Bbt + Gn, (23)

where n = {nT nl nI nl}. n, and n, denote the white Gaussian noise in

the commonly-used IMU noise model, and ny,, and n;, denote the Gaussian steps
for the white Gaussian random walks b% and b2, respectively. The derivations
of F and G are given as following.

We first consider dg¢. Since g is a constant w.r.t. time ¢, we have:

5g° = 0. (24)

And by the definition of the Gaussian random walks {b%, b%}, we have:
56?; = Npy, (25)
562‘ = Npq, (26)

We then come to 8¢y, p,. Since d¢p,p, presents a small amount increment, by
using Eq. and first-order Taylor expansion, we have:

Rckbt = Rckbtexp([(sd)ckbt]/\) (27)
~ Repo, (I + [0¢c,n,]"). (28)

Then by using the derivative of R.,p, w.r.t. time ¢, i.e., Rep, = Reyp, [w]", we
can take the derivative of both sides of Eq. , leading to:

Rckbt [,wa,]/\ ~ Rckbt [u_}bt]/\(I + [6¢Ckbt]/\) + Rckbt 6¢;kbt7 (29)
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where w" denotes the nominal angular velocity expressed in the IMU body frame
at time ¢. By inserting Eq. into Eq. , we have:

Rckbt (I + [5¢0kbt]/\)[wbt]/\ ~ Rckbt ["I’bt]/\(I + [5¢Ckbt]/\) + Rckbt [5¢C.kbt}/\'

(30)
By cancelling R.,;, in Eq. and rearranging the formula, we have:
[Sbero ] = (I + [5pern, ] )" ] — [@"]" (I + [5besn,]") (31)
= (L + [3heps, )" + 5] — [@0") (L + [5bers, ") (32)
= (I +[0¢pc,n, )" ) ([@0"]" + [dw"]") — [@" )" (I + [0pers ") (33)
By rearranging Eq. and using the equation [u"v]" = u v" — v u”:

L e T e A T e e ) O (A N

~ [5w"]" + [0pe,p, ] [w"]" + [[6pc,p, ] @] (35)

By neglecting the high-order small term [6¢,, 5,]" [Jw®]", and using the equation
uv = —v u, we have:

[6erb )" = [0w" )" + [[0pe,s, ] 0"]" (36)
= [6w® + [6¢pe,p, ] w"]". (37)

Se,v, = Oen, | wh (38)
= —[@"]"6¢perp, + dw (39)

We then derive w® and dw® to complete Eq. for 5¢;kbt. Recall that we
have the following noise model for the gyroscope measurement:

wh = w’ + b+, ny, ~ N(0,021). (40)
By inserting Eq. in to Eq. and rearranging the formula:
w’ = w? — bl — 5% — n,. (41)

By separating the nominal and stochastic terms in Eq. (1)), we have:

B = wh — B, (12)
Sw’ = —5bl —n,,., (43)

which complete the derivation of 5¢;kbt in Eq. w.r.t. dxp, and n.
We next derive dp,,p,. Taking the derivative w.r.t. both sides of Eq. 7 ie.,
Pepb, = Pepby + 0Pcyb,; and rearranging the resulting equation leads to:

5pC.kbt = pc;cbt - pc;bt (44)
=v* — v;ck, (45)
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By approximating v;* and v;c’“ by v and v, and inserting Eq. (21)) into the
approximated Eq. , we have:

OPeyp, = UF + Sv°k — vlF (46)
= dvo. (47)
Finally, we give the derivation of dvr as following. We first take the derivative
to both sides of Eq. and rearrange the formula, leading to:
Sver = pis — (48)
=a‘ —a‘. (49)
a® and a“* can be derived as:
a’ =R, a’
= Re,v,exp([6¢pe,p,]") (@ + da™)
~ Rckbt (I + [6¢Ckbt]A)(dbt + 5abt)7
a’ = R.p,a"
By inserting Eq. (52153)) to Eq. (49 , we have:
51;% ~ Rckbta’ + Rckbtaa '+ R Ckbt [5¢Ckbf] a
+ Rckbt [5¢Ckbt]A6abt R b @ (54)
= Rckbtéabt + Rckbt [5¢Ckbt]/\ b + RCkbt [5¢)CA bt]/\éabt (55)

By neglecting the high-order small term R, [0¢c,5,]"da’ in Eq. and using
the equation u” v = —v”"u, we have:

5'U.Ck R(’kbt 50’ ('kb [ ]/\5¢Ckbt' (56)

We then derive a’* and da’ to complete Eq. (56)). Recall that we have the
following noise model for the accelerometer measurement:

a% =a’ + Ry, . g% + bZ* +ng, Mg~ N(0,021). (57)
By inserting Eq. (20H22) to Eq. and using R” = R™!, we have:
al;é = a’bt + [Rckbtexp([5¢5kbt]/\)}T(g0k + 590k)
+ b + 5Bl + m. (58)
We rearrange the second term in Eq. as below:
[ Ckbtexp([é(»bckbt] )] (ng + 5ng) ( )
[Rewb, (I + [0, )] (g + 0g°™) (60)
[ Ckbt + Rckbt [5¢Ckbt} } (QCk + 5ng) (61)
(Reyp, + [0bc )] RE L, )(G™ +6g%). (62)

22
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Since [0¢pc,p,]" is a skew symmetric matrix, Eq. (62)) can be rewritten as:

[Re,b cxp([0¢e,e, )] (5 + 5g°) (63)
(Rckbt [[5¢Ckbt] ]TRckbt)(ng + 5ng) (64)
=(Ri,p, — [0¢c,0,)" R, ) (@ + 09 ). (65)

By inserting Eq. into Eq. and rearranging the resulting formula:
abt = al:rtL - Bgt - 5bbt —MNg — Rckbf g RCkbf 596k

—+ [6¢Ckbt}/\ c;cbtg(‘]C + [6¢Ckbt] crb t(sg (66)

By separating the nominal and stochastic terms in Eq. , we have:

ab = — RL, g — b, (67)
Ck t
fa = — 5bbt - R!, 6g
[6¢Ckbt]/\RCkbf g°* + [6¢Ckbt] crb tang (68)
~  —0bY —n, — R, 69° + [6e,n,) RE 4, 5%, (69)

where the hlgh—order small term [0crn, ) RY, ;69 in Eq. is neglected. By
inserting Eq. (69) into Eq. (56)), we have:

(S’U.Ck ~ - Rckbtébgt — Rckbtna RckbtRckbtdng

+ Rckbt [6¢Ckbt]/\RZ;btg k- Rckbt[ ']Aéd)ckbt (70)
= _Ckbt 6bbt - Rckbtna - 6ng

- Rckbt [Rckbt Ck}Ad(ﬁckbt RCk bt [a'bt]/\(sqsckbt (71)
= ckbr(;b — Rckbt’l’la — 5g

- RCkbt([Rckb, g /]A + [dbt]/\)(sqbckbt (72)
= — R.,0b2 — R.p,mq — 6g°*

- Rckbt [Rckbtg(:k + abt]/\éd)ckbt . (73)

Based on Eq. (24125l26}39147I73]) and the continuous-time error propagation
model Eq. , F and G can be written as:

—[w’ )" 00 0 —I; 0 -I350 0 0
0 0I; 0 0 0 00 0 0
F— 7R('kbt [R%bt g + ﬁbt]/\ 00 —-I3 O 7Rckbt G— 0 0 —Rckb, 0
0 00 0 0 0 ' 00 0 0
0 00 0 0 0 0 I, 0 0
0 00 0 0 0 00 0 I
(74)

w® and a’ are given in Eq. and Eq. @, respectively.
Given the continuous error propagation model and the initial condition
b, ., = Iig, the discrete state-transition matrix @, can be found by

sbr

r4+1,t7)
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solving é(t7+1,t7) =F Py, 1) Bl

try1 1
D 4= eacp(/ F(s)ds) ~ Ig + Fot + §F2§t2, 0t =tr41 —tr. (75)
¢

-

Let P and P denote the prior and posterior covariance estimates during
propagation and after an update given new observations. Then we have [1J3]:

P, =% P

T

it T Qs (76)

try1
Q. - / @, GQGTST, ds~ &, , GQGTS! ., ot (77)
t

741 741,

t7'+17t7‘ ’

-

where Q = D([07,I3,0; Is,0213,0; I3]). D is the diagonalization function.

S3 Derivation of Camera-Centric EKF Update

In general, given an observation measurement £ and its corresponding co-
variance I, from the camera sensor at time tyy1, we assume the following
observation model: £x11 = h(xgt1) + npy 1 ~ N(0, Tiy1).

Let Hyy1 = O@i+1) Thep the EKF update applies as following;:

86cck,+1
Ky = Pop H (He 1 P H o + D)™ (78)
Piy1 = (Iis — K1 Hyi1) Py, (79)
02k 1 = Ki1(Ekt1 — h(Zx11)). (80)

In DynaDepth, the observation measurement is defined as the ego-motion
predicted by M,, i.e., {11 = [¢£Ck+1,ﬁng+l]T. Accordingly, we define h(xgy1)
as h(zgy1) = [hg(a:k+1), hl(x41)]". We first consider the observation model
he(xk41) for rotation. Assuming [-]¥ as the inverse function of [-]", then we have:

ht,ﬁ(wk-‘rl) = ¢Ckck+l = ln([RCkkarleC}v)' (81)

{Rbc, Pvc} and {Rcp, ey} denote the extrinsics between camera and IMU. By
inserting Eq. into Eq. , we have:

he(@rr1) = In([Reybyy, Rocl ) (82)
= ln([RCkbk+1ezp([6¢ckbk+1}/\)RbC]v) (83)
= ln([RCkbk+1RbcRCbexp([6¢Ckbk+l]A)Rbc]v)' (84)

We then separate the expression in [-]V in Eq. into the following two parts:

Rckbk_,_l Rbc = RCka-H = exp([éckck+1}/\)a (85)
Rcbexp([éqb%ka]/\)Rbc ~ Rep (I + [5¢Ckbk+1]/\)RbC (86)
- I + Rcb[6¢ckbk+1]/\Rbc- (87)
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By using the equation [Ri¢])" = R[¢]"R”, Eq. can be rewritten as:
RCbexp([5¢Ckbk+1]/\)RbC ~1I+ [R0b5¢0kbk+1]/\ (88)
~ exp([Rcb(Sd)Ckkarl]/\)' (89)

By inserting Eq. and Eq. into Eq. , and approximating the resulting
exponential function using the Baker—-Campbell-Hausdorff (BCH) approximation
formula [I], we have:

he(@ri1) = In([exp((pere ) erp((Repdde,biy )Y (90)
~ ¢Ckck+1 + Jl_l(7¢Ckck+1)RCb6¢Ckbk+l' (91)
The definition of the inversed SO(3) left Jacobian .J; *(-) is given by [1]:
1 ¢ ¢ N S A
=2eotl14(1- 2eat? 2
J, (¢) 200752 + ( 2cot2)aa 5 (92)

where ¢ = |¢| and a = ¢/¢. Based on Eq. (91]), we can compute the nominal
prior and the derivative w.r.t. dxy1 for the rotation as:

h‘d)(j:k-‘rl) - (ﬁckck+17 (93)
Ohg(Trt1) _ 1, 1 1
Doy " [Ji(=Pererss) "R, 00000]. (94)

We then derive the observation model hyp (k1) for the translation as below:

hp(mk-‘rl) - pckck+1 = Rc+kbk+1pbc + pckbk+1 . (95)
By inserting Eq. into Eq. and using the equation u v = —v u:

hp(Try1) = Reyrby s Poc + Peypbyis (96)
= R b1 €2D([0@crbrsy ) )Poe + Perbrrs + OPerbrsn (97)
~ Ry, (I + [6@crbs])Poc + Porbrss + OPerbrsa (98)
=R b1 Poc + Repbr i [00crbsy) Poc + Peybrsy + OPeybrsy (99)
= R b1 Poc + Perbrsy — Repvyrs [Poc] 0Pcrbny + 0Perby, - (100)

Based on Eq. (100), we can then compute the nominal prior and the derivative
w.r.t. dapy1 for the translation as:

hp(j}k+1) Rckbk+1pbc ﬁckbk+1’ (101)
Ohp(Tk+1) D A
——— = |-R, | I .

onss [—Repbyry [Poc)” 13000 0] (102)

To finish the camera-centric EKF update step, we combine the derivation

results in Eq. , and write hA(&gy1) and Hy4q as:

T QBC c

h(x = | = KCh+1 7 103
( k:+1) |:Rckbk+1pbc + pckbk+1 ( )
Ji(=@epersy) 1Ry 0000 o}

_Rckbk+1 [pbc]/\ I3 O 0 O O (104)

Hy = [
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Input Image w.o/ IMU w/ IMU

Fig. 1: More generalization results on Make3D using models trained on KITTI
with (w/) and without (w.o/) IMU.

Finally, by inserting Eq. (1034104} into Eq. (78480)), we can perform the camera-

centric EKF update step to get the updated posterior error states d&x1 and
calculate the EKF updated camera ego-motion, based on §&j,1 and the prop-
agated nominal states which can be obtained from the camera-centric IMU

preintegration results, i.e., Eq. and Eq..

S4 More Generalization Results on Make3D

We present more generalization results on Make3D [4] using models trained on
KITTI [2] with (w/) and without (w.o/) IMU in Fig. By using IMU, it can
be seen that the model generalizes better in unseen datasets, especially in the
glass and shadow areas, where the underlying assumption of visual photometric
consistency can be easily violated. In addition, the model using IMU recovers
more delicate texture details, which further justifies the benefit of using the IMU
motion dynamics that is independent with the visual information during training.
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Input Image w.o/ IMU

Fig. 2: More generalization results on Make3D using models trained on KITTI
with (w/) and without (w.o/) IMU.

Input Image w.o/ IMU w/ IMU

Fig. 3: More generalization results on Make3D using models trained on KITTI
with (w/) and without (w.o/) IMU.
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