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1 Additional non-uniform deblurring quantitative results

The results reported in our submission for non-uniform blur are only for 1%
additive white Gaussian noise. We show below (Table 1) for completness the
results for 1%, 3% and 5% noise levels. The experimental protocol and code
used in these experiments are exactly the same as in the main paper. The test
dataset is the non-uniform PASCAL benchmark presented in our submission.
The proposed (L)CHQS models embed 5 outer HQS iterations and 2 inner CPCR
iterations. The table shows that our method outperforms its competitors for all
noise levels, with, in particular, a very significant margin of about 0.9dB with
LCHQSF over HQS-CG and EPLL [9].

HQS-FFT HQS-CG EPLL CHQS LCHQSG LCHQSF

1% noise 23.49 ± 0.09 25.84 ± 0.08 25.49 ± 0.08 25.11 ± 0.10 26.83 ± 0.08 26.98 ± 0.08
3% noise 23.17 ± 0.07 24.18 ± 0.06 23.78 ± 0.05 23.74 ± 0.07 24.91 ± 0.05 25.06 ± 0.06
5% noise 22.44 ± 0.06 23.10 ± 0.05 23.34 ± 0.06 22.65 ± 0.06 23.97 ± 0.05 24.14 ± 0.05

Table 1: Non-uniform blur removal results with 1%, 3% and 5% additive Gaus-
sian noise on the non-uniform PASCAL benchmark of 100 blurry images.

2 Derivation of the expression for the filters ci in Eq. (11)

We intend to solve Eq. (10) in the main paper:

min
C
‖δ − C ? L‖2F + ρ

n∑
i=0

‖ci‖2F .

Using the Parseval identity, this becomes, in the Fourier domain:

min
C̃
‖J − C̃ � L̃‖2F + ρ

n∑
i=0

‖C̃i‖2F , (1)

where L̃, C̃ and the C̃i’s are the Fourier transforms of L, C and the ci filters
(i = 0, . . . , n), J is the matrix full of ones and � is the entrywise product.
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Now we compute the gradient of this energy with respect to each filter C̃i at
the minimum. By denoting by K̃i the Fourier transform of the filter ki (with
k0 = k) for i in [0, . . . , n], we use the equalities C̃� L̃ = L̃� C̃ =

∑n
j=0 K̃j � C̃j ,

by definition of the cj ’s in Eq. (9) of the submission, to compute the derivative

with respect to each C̃i of Eq. (1)

0 = K̃∗i �

J − n∑
j=0

K̃j � C̃j

− ρC̃i,

where K̃∗i is the complex conjugate of K̃i. The Fourier transform C̃i of each filter
ci verifies

ρC̃i = K̃∗i �

J − n∑
j=0

K̃j � C̃j

 . (2)

We now seek to obtain an expression of
∑n

j=0 K̃j � C̃j independent of the C̃i’s

in order to make Eq. (2) depending only on the unknown filter C̃i, for all i in
[0, . . . , n]. To do so, we multiply both sides of Eq. (2) by K̃i (i = 0, . . . , n) and
get:

ρK̃i � C̃i = |K̃i|2 �

J − n∑
j=0

K̃j � C̃j

 , (3)

where |K̃i|2 is the matrix whose entries are the square moduli of the entries of
K̃i. Summing for all i in [0, . . . , n] Eq. (3) gives

ρ

n∑
j=0

K̃j � C̃j =

 n∑
j=0

|K̃j |2
�

J − n∑
j=0

K̃j � C̃j

 ,

or, after rearranging terms

n∑
j=0

K̃j � C̃j =

∑n
j=0 |K̃j |2

ρJ +
∑n

j=0 |K̃j |2
,

where the division is entrywise in the Fourier domain. We now have an expression
of
∑n

j=0 K̃j � C̃j independent from the C̃j ’s. Plugging it into Eq. (2) yields, for
all i in [0, . . . , n]

ρC̃i = K̃∗i �

(
J −

∑n
j=0 |K̃j |2

ρJ +
∑n

j=0 |K̃j |2

)
. (4)

Because multiplications and divisions are entrywise in this context, we can write
J as

J =
ρJ +

∑n
j=0 |K̃j |2

ρJ +
∑n

j=0 |K̃j |2
.
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Injecting this expression in Eq. (4) finally gives

C̃i =
1

ρ
K̃∗i �

(
ρJ +

∑n
j=0 |K̃j |2

ρJ +
∑n

j=0 |K̃j |2
−

∑n
j=0 |K̃j |2

ρJ +
∑n

j=0 |K̃j |2

)

=
K̃∗i

ρJ +
∑n

j=0 |K̃j |2
.

Finally, each optimal filter ci is the inverse Fourier transform of the correspond-
ing C̃i, as stated in Eq. (11) of our submission.

3 Computation of the spectral radius of Id-[L]?[C]?

The filters kj (j in [0, . . . , n]) have size wk×wk, the n+1 corresponding approx-
imate inverse filters cj have size wc × wc. Thus, the Dirac filter δ in Eq. (10) of
our submission has size (wc−wk + 1)× (wc−wk + 1) for a “valid” convolution,
i.e., a convolution without (zero) padding.

The linear operator [L]? associated with L (a horizontal stack of circulant
matrices) has size m× [(n+ 1)p] and the linear operator [C]? (a vertical stack of
circulant matrices) has size [(n+ 1)p]×m with m = (wc−wk + 1)2 and p = w2

c .
Thus H = Id − [L]? [C]?, the iteration matrix in CPCR, has size m×m.

Now that we have defined the dimensions of H, we compute its spectrum. Let
[L]? = UΣV > be the singular value decomposition of [L]? with singular values
σi (i = 1, . . . ,m). The singular values are all strictly positive because each filter
kj corresponds to a circulant matrix that is full-rank. The solution of Eq. (10) is
the (regularized) pseudoinverse of [L]? (see Golub and Van Loan [1], Sec. 6.1.4):

[C]? = V (Σ + ρΣ−1)−1U>.

Thus, we can rewrite H as follows

H = Id− [L]?[C]?,

= Id− U(Σ + ρΣ−1)−1ΣU>,

= UDiag(1− σ2
1/(ρ+ σ2

1), . . . , 1− σ2
n/(ρ+ σ2

n))U>,

= Udiag(λ1, . . . , λn)U>,

with λi = ρ/(ρ + σ2
i ) < 1 for all i in [1, . . . ,m] since ρ > 0. Thus, the spectral

radius of H is ρ/(ρ+mini σ
2
i ) and is strictly smaller than 1, meaning that CPCR

converges linearly thanks to the properties of Richardson iterations (see Kelley
[3], Sec 1.2).

4 Empirical spectral radius of H

In this section, we compute the empirical eigenvalues of the operator H>H for
the 8 kernels provided by Levin et al. [5]. We compute the linear operator [C]?
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Fig. 1: Eigenvalues of H>H for the 8 kernels of Levin et al.

by solving Eq. (10) with n = 1 (i.e., λ = 0 in Eq. (9)) and ρ = 0.05. We set
wk +wc−1 = 121 for the 8 kernels with different sizes wk×wk (varying between
13× 13 and 27× 27), so H>H is a 14641× 14641 matrix.

Figure 1 shows the eigenvalues of H>H for the 8 blur kernels in the Levin
dataset. As expected from the previous section, all the eigenvalues are below 1,
thus the spectral radius of H is smaller than 1.

5 Additional deblurring results

We present below additional qualitative results with images sampled from the
Levin [5], Sun [7] and Pascal datasets, with various amounts of noise. Concretely,
Figures 2 and 3 show additional results on the Levin dataset for uniform blur
with 0.5% noise. Figures 5 and 6 show results on the Sun dataset for uniform blur
with 1% noise. Figures 7 to 12 show results on the Pascal dataset for uniform
blur and noise levels varying from 1 to 5%. Figures 13 to 18 show results on
the Pascal dataset for non-uniform blur with noise levels varying from 1 to 5%.
These images are better seen on a computer screen. The PSNR scores for each
image are in parentheses.
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(a) Ground truth. (b) Blurry image. (c) EPLL [9] (31.47 dB).

(d) FCNN [8] (31.26 dB). (e) FDN [4] (33.70 dB). (f) Ours (33.31 dB).

Fig. 2: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Levin dataset [5] with 0.5% noise.
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6 ECCV-20 submission ID 2749

(a) Ground truth. (b) Blurry image. (c) EPLL [9] (29.66 dB).

(d) FCNN [8] (31.78 dB). (e) FDN [4] (33.83 dB). (f) Ours (33.93 dB).

Fig. 3: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Levin dataset [5] with 0.5% noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (31.66 dB). (d) FCNN [8] (31.55 dB).

(e) FDN [4] (31.74 dB). (f) Ours (31.76 dB).

Fig. 4: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Sun dataset [7] with 1% noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (33.62 dB). (d) FCNN [8] (33.67 dB).

(e) FDN [4] (33.67 dB). (f) Ours (34.05 dB).

Fig. 5: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Sun dataset [7] with 1% noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (33.12 dB). (d) FCNN [8] (32.99 dB).

(e) FDN [4] (33.62 dB). (f) Ours (34.03 dB).

Fig. 6: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Sun dataset [7] with 1% noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (32.50 dB). (d) FCNN [8] (32.43 dB).

(e) FDN [4] (32.36 dB). (f) Ours (32.90 dB).

Fig. 7: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from PASCAL VOC dataset blurred with a kernel from [5] with 1% noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (26.43 dB). (d) FCNN [8] (25.31 dB).

(e) FDN [4] (26.75 dB). (f) Ours (27.31 dB).

Fig. 8: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from PASCAL VOC dataset blurred with a kernel from [5] with 1% noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (23.45 dB). (d) FCNN [8] (25.85 dB).

(e) FDN [4] (25.54 dB). (f) Ours (25.71 dB).

Fig. 9: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from PASCAL VOC dataset blurred with a kernel from [5] with 3% noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (21.91 dB). (d) FCNN [8] (22.83 dB).

(e) FDN [4] (23.02 dB). (f) Ours (23.53 dB).

Fig. 10: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on
an image from PASCAL VOC dataset blurred with a kernel from [5] with 3%
noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (23.95 dB). (d) FCNN [8] (25.46 dB).

(e) FDN [4] (25.92 dB). (f) Ours (25.95 dB).

Fig. 11: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on
an image from PASCAL VOC dataset blurred with a kernel from [5] with 5%
noise.



630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

659

660

661

662

663

664

665

666

667

668

669

670

671

672

673

674

ECCV

#2749
ECCV

#2749

ECCV-20 submission ID 2749 15

(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (16.75 dB). (d) FCNN [8] (17.72 dB).

(e) FDN [4] (18.61 dB). (f) Ours (18.54 dB).

Fig. 12: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on
an image from PASCAL VOC dataset blurred with a kernel from [5] with 5%
noise.
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(a) Ground truth. (b) Blurry image.

(c) Motion field. (d) EPLL [9] (22.12 dB).

(e) HQS-CG (22.54 dB). (f) Ours (23.44 dB).

Fig. 13: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG on an image from PASCAL VOC dataset blurred
with a motion blur synthesized with the code of [2] with 1% noise.
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(a) Ground truth. (b) Blurry image.

(c) Motion field. (d) EPLL [9] (22.59 dB).

(e) HQS-CG (22.82 dB). (f) Ours (24.00 dB).

Fig. 14: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG with 1% noise.



765

766

767

768

769

770

771

772

773

774

775

776

777

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

765

766

767

768

769

770

771

772

773

774

775

776

777

778

779

780

781

782

783

784

785

786

787

788

789

790

791

792

793

794

795

796

797

798

799

800

801

802

803

804

805

806

807

808

809

ECCV

#2749
ECCV

#2749

18 ECCV-20 submission ID 2749

(a) Ground truth. (b) Blurry image.

(c) Motion field. (d) EPLL [9] (24.08 dB).

(e) HQS-CG (24.51 dB). (f) Ours (25.77 dB).

Fig. 15: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG with 3% noise.
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(a) Ground truth. (b) Blurry image.

(c) Motion field. (d) EPLL [9] (18.65 dB).

(e) HQS-CG (18.90 dB). (f) Ours (19.87 dB).

Fig. 16: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG with 3% noise.
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(a) Ground truth. (b) Blurry image.

(c) Motion field. (d) EPLL [9] (22.96 dB).

(e) HQS-CG (22.89 dB). (f) Ours (23.05 dB).

Fig. 17: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG with 5% noise.
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(a) Ground truth. (b) Blurry image.

(c) Motion field. (d) EPLL [9] (23.21 dB).

(e) HQS-CG (22.74 dB). (f) Ours (24.34 dB).

Fig. 18: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG with 5% noise.
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