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1 Additional non-uniform deblurring quantitative results

The results reported in our submission for non-uniform blur are only for 1%
additive white Gaussian noise. We show below (Table 1) for completness the
results for 1%, 3% and 5% noise levels. The experimental protocol and code
used in these experiments are exactly the same as in the main paper. The test
dataset is the non-uniform PASCAL benchmark presented in our submission.
The proposed (L)CHQS models embed 5 outer HQS iterations and 2 inner CPCR
iterations. The table shows that our method outperforms its competitors for all
noise levels, with, in particular, a very significant margin of about 0.9dB with
LCHQSg over HQS-CG and EPLL [9].

HQS-FFT HQS-CG EPLL CHQS LCHQS,  LCHQS;

1% noise 23.49 & 0.09 25.84 + 0.08 25.49 & 0.08 25.11 & 0.10 26.83 £ 0.08 26.98 + 0.08
3% noise 23.17 + 0.07 24.18 & 0.06 23.78 & 0.05 23.74 + 0.07 24.91 & 0.05 25.06 + 0.06
5% noise 22.44 % 0.06 23.10 = 0.05 23.34 & 0.06 22.65 + 0.06 23.97 & 0.05 24.14 + 0.05

Table 1: Non-uniform blur removal results with 1%, 3% and 5% additive Gaus-
sian noise on the non-uniform PASCAL benchmark of 100 blurry images.

2 Derivation of the expression for the filters ¢; in Eq. (11)

We intend to solve Eq. (10) in the main paper:

n
min 3 — C'x L[} + p; lleill-

Using the Parseval identity, this becomes, in the Fourier domain:
~ ~ n ~
méinllJ—CQLl\%+pZ||CiII%, (1)
i=0

where L, C and the C;’s are the Fourier transforms of L, C and the ¢; filters
(i = 0,...,n), J is the matrix full of ones and ©® is the entrywise product.
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Now we compute the gradient of this energy with respect to each filter C; at
the minimum. By denoting by K; the Fourier transform of the filter k; (with
ko = k) for i in [0,...,n], we use the equalities CO L =LoC = Z?:o f(j @éj,
by definition of the ¢;’s in Eq. (9) of the submission, to compute the derivative
with respect to each C; of Eq. (1)

OZR:Q J-ZIE}@C}’ —péi7
j=0

where K J is the complex conjugate of K;. The Fourier transform C; of each filter
¢; verifies

pCi=K o |J-Y Ko |. (2)
j=0

We now seek to obtain an expression of Z;L:O K FXO) C’j independent of the C;’s

in order to make Eq. (2) depending only on the unknown filter C;, for all i in
[0,...,n]. To do so, we multiply both sides of Eq. (2) by K; (i =0,...,n) and
get:

pKi®éi=|Ri|2® J—ij@éj , (3)
7=0
where |K;|? is the matrix whose entries are the square moduli of the entries of
K;. Summing for all ¢ in [0,...,n] Eq. (3) gives
pZRjGC’j: Z|f(]‘2 O} J*Z[{j@éj’ 5
§=0 §=0 j=0
or, after rearranging terms
Z?:O ‘RJ |2

pJ + Zj:o |KJ‘2 ’

n
ij @éj =
=0

where the division is entrywise in the Fourier domain. We now have an expression
of Z?:o K; ® C; independent from the C;’s. Plugging it into Eq. (2) yields, for
all ¢ in [0,...,n]

(4)

. "G
pOzK,L*®<J Zg_0| J| )

pd + 37 [KG P
Because multiplications and divisions are entrywise in this context, we can write
J as .

pd + 370 G
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Injecting this expression in Eq. (4) finally gives

1~ pJ + Z?:o |f(j|2 Z;'L:O |f(j|2

7KZ @ n 12 - n 12

P pd + 35 KGR pd + 30 K]
K;

I+ 3 12

Finally, each optimal filter ¢; is the inverse Fourier transform of the correspond-
ing C;, as stated in Eq. (11) of our submission.

G =

3 Computation of the spectral radius of Id-[L],[C].

The filters k; (5 in [0, ..., n]) have size wy X wy, the n+ 1 corresponding approx-
imate inverse filters ¢; have size w. X w.. Thus, the Dirac filter § in Eq. (10) of
our submission has size (w. — wy + 1) X (we —w, + 1) for a “valid” convolution,
i.e., a convolution without (zero) padding.

The linear operator [L], associated with L (a horizontal stack of circulant
matrices) has size m x [(n + 1)p] and the linear operator [C], (a vertical stack of
circulant matrices) has size [(n + 1)p] x m with m = (w. —wy +1)? and p = w?.
Thus H = Id — [L]« [Clx, the iteration matrix in CPCR, has size m x m.

Now that we have defined the dimensions of H, we compute its spectrum. Let
[L], = UXVT be the singular value decomposition of [L], with singular values
o; (i =1,...,m). The singular values are all strictly positive because each filter
k; corresponds to a circulant matrix that is full-rank. The solution of Eq. (10) is
the (regularized) pseudoinverse of [L], (see Golub and Van Loan [1], Sec. 6.1.4):

Cl=V(Z+p2~H~UT.
Thus, we can rewrite H as follows
H =1d — [L][C]x,

=1d-UX+p2 H'xUT,

= UDiag(1 — o7 /(p+07),....1—on/(p+o2))U ",

= Udiag(\1, ..., \)U T,
with \; = p/(p+0?) < 1 for all i in [1,...,m] since p > 0. Thus, the spectral
radius of H is p/(p+min; 02) and is strictly smaller than 1, meaning that CPCR

converges linearly thanks to the properties of Richardson iterations (see Kelley
[3], Sec 1.2).

4 Empirical spectral radius of H

In this section, we compute the empirical eigenvalues of the operator H " H for
the 8 kernels provided by Levin et al. [5]. We compute the linear operator [C].
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Fig. 1: Eigenvalues of H' H for the 8 kernels of Levin et al.

by solving Eq. (10) with n = 1 (i.e., A = 0 in Eq. (9)) and p = 0.05. We set
wy, +we —1 = 121 for the 8 kernels with different sizes wy, x wy, (varying between
13 x 13 and 27 x 27), so H " H is a 14641 x 14641 matrix.

Figure 1 shows the eigenvalues of H' H for the 8 blur kernels in the Levin
dataset. As expected from the previous section, all the eigenvalues are below 1,
thus the spectral radius of H is smaller than 1.

5 Additional deblurring results

We present below additional qualitative results with images sampled from the
Levin [5], Sun [7] and Pascal datasets, with various amounts of noise. Concretely,
Figures 2 and 3 show additional results on the Levin dataset for uniform blur
with 0.5% noise. Figures 5 and 6 show results on the Sun dataset for uniform blur
with 1% noise. Figures 7 to 12 show results on the Pascal dataset for uniform
blur and noise levels varying from 1 to 5%. Figures 13 to 18 show results on
the Pascal dataset for non-uniform blur with noise levels varying from 1 to 5%.
These images are better seen on a computer screen. The PSNR scores for each
image are in parentheses.
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(d) FONN [8] (31.26 dB).  (e) FDN [4] (33.70 dB). (f) Ors (33.31 dB).

Fig.2: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Levin dataset [5] with 0.5% noise.
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(d) FCNN [8] (31.78 dB).  (e) FDN [4] (33.83 dB). (f) Ours (33.93 dB).

Fig.3: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Levin dataset [5] with 0.5% noise.
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(a) Ground truth.

(c) EPLL [9] (31.66 dB). (d) FONN 8] (3155 dB).

e

() FDN [4](31.74 dB). (f) Ours (31.6 dB).

Fig. 4: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Sun dataset [7] with 1% noise.
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) Ground truth. b) Blurry image.

) EPLL [9] (33.62 dB). ) FCNN [8] (33.67 dB).

) FDN [4] (33.67 dB). ) Ours (34.05 dB).

Fig.5: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Sun dataset [7] with 1% noise.
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(a) Ground truth. (b) Blurry image.

(c) EPLL [9] (33.12 dB). (d) FCNN [8] (32.99 dB).

(e) FDN [4] (33.62 dB). (f) Ours (34.03 dB).

Fig. 6: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from the Sun dataset [7] with 1% noise.
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(a) Ground truth. (b) Blurry image.

(¢) EPLL [9] (32.50 dB).

(e) FDN [4] (32.36 dB). (f) Ours (32.90 dB).

Fig. 7: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from PASCAL VOC dataset blurred with a kernel from [5] with 1% noise.
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(e) FDN [4] (26.75 dB). (f) Ours (27.31 dB).

Fig. 8: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from PASCAL VOC dataset blurred with a kernel from [5] with 1% noise.
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- PR

(a) Ground truth.

() FDN [] (2554 B). (f) Ours (25.71 dB).

Fig.9: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on an
image from PASCAL VOC dataset blurred with a kernel from [5] with 3% noise.
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(a) Ground truth. (b) Blurry image.
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(e) FDN [4] (23.02 dB). (f) Ours (23.53 dB).

Fig. 10: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on
an image from PASCAL VOC dataset blurred with a kernel from [5] with 3%
noise.
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Flonr
(L

(e) FDN [4] (25.92 dB). (f) Ours (25.95 dB).

Fig. 11: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on
an image from PASCAL VOC dataset blurred with a kernel from [5] with 5%

noise.
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(e) FDN [4] (18.61 dB). (f) Ours (18.54 dB).

Fig. 12: Comparison of our method with EPLL [9], FCNN [8] and FDN [4] on
an image from PASCAL VOC dataset blurred with a kernel from [5] with 5%

noise.



676
677
678
679
680
681

683
684
685
686
687
688
689
690

692
693

695
696
697
698
699
700
701

703
704
705
706
707
708
709

711
712
713
714
715
716
717
718

16 ECCV-20 submission ID 2749

Ground truth.
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(e) HS—CG (225413). ' (f) Ours (23.44 d).

Fig. 13: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG on an image from PASCAL VOC dataset blurred
with a motion blur synthesized with the code of [2] with 1% noise.
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(a) Ground truth.
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(e) HQS-CG (22.82 dB). (f) Ours (24.00 dB).

Fig. 14: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG with 1% noise.
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Fig. 15: Comparison of our method with EPLL

uniform case) and HQS-CG with 3% noise.
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(¢) HQS-CG (18.90 dB). (f) Ours (19.87 dB).

Fig. 16: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG with 3% noise.
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(a) Ground truth.
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(¢) Motion field.
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(e) HQS-CG (22.89 dB). (f) Ours (23.05 dB).

Fig. 17: Comparison of our method with EPLL [9] (modified by [6] for the non-
uniform case) and HQS-CG with 5% noise.
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Fig. 18: Comparison of our method with EPLL [9] (modified by [6] for the non-

uniform case) and HQS-CG with 5%
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