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Abstract. Allocating different bit widths to different channels and quantizing them independently bring higher quantization precision and accuracy. Most of prior works use equal bit width to quantize all layers or
channels, which is sub-optimal. On the other hand, it is very challenging
to explore the hyperparameter space of channel bit widths, as the search
space increases exponentially with the number of channels, which could
be tens of thousand in a deep neural network. In this paper, we address
the problem of efficiently exploring the hyperparameter space of channel
bit widths. We formulate the quantization of deep neural networks as
a rate-distortion optimization problem, and present an ultra-fast algorithm to search the bit allocation of channels. Our approach has only
linear time complexity and can find the optimal bit allocation within a
few minutes on CPU. In addition, we provide an effective way to improve the performance on target hardware platforms. We restrict the bit
rate (size) of each layer to allow as many weights and activations as possible to be stored on-chip, and incorporate hardware-aware constraints
into our objective function. The hardware-aware constraints do not cause
additional overhead to optimization, and have very positive impact on
hardware performance. Experimental results show that our approach
achieves state-of-the-art results on four deep neural networks, ResNet18, ResNet-34, ResNet-50, and MobileNet-v2, on ImageNet. Hardware
simulation results demonstrate that our approach is able to bring up to
3.5× and 3.0× speedups on two deep-learning accelerators, TPU and
Eyeriss, respectively.
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Introduction

Deep Learning [20] has become the de-facto technique in Computer Vision, Natural Language Processing, Speech Recognition, and many other fields. However,
⋆

Jie Lin and Vijay Chandrasekhar did this work when they were with Institute for
Infocomm Research, Singapore. Jie Lin is the corresponding author.

2

Z. Wang et al.
MIT Eyeriss

Google TPU

140

2500

MobileNet-V2
(Channel-wise + HA)

2300

MobileNet-V2
(Channel-wise + HA)

120

Inference rate

Inference Rate

130

MobileNet-V2
(Channel-wise)

110

MobileNet-V2
(Layer-wise)

100
90

2100

MobileNet-V2
(Channel-wise)

1900
1700

MobileNet-V2
(Layer-wise)

1500
68

69

70

Top-1 (ImageNet)

71

72

68

69

70

Top-1 (ImageNet)

71

72

Fig. 1. Channel-wise bit allocation plus hardware-aware constraints (HA) achieves the
best performance on Eyeriss and TPU. Channel-wise bit allocation outperforms layerwise bit allocation because of higher quantization precision. Inference Rate: number of
images processed per second.

the high accuracy of deep neural networks [19] comes at the cost of high computational complexity. Due to the large model size and huge computational cost,
deploying deep neural networks on mobile devices is very challenging, especially
on tiny devices. It is therefore important to make deep neural networks smaller
and faster through model compression [12], to deploy deep neural networks on
resource-limited devices.
Quantization [12] is one of the standard techniques for neural network compression. One problem existed in prior works is that they typically use equal
bit width to quantize weights and activations of all layers, which is sub-optimal
because weights and activations in different layers react differently on quantization. They should be treated independently and quantized with un-equal bit
widths. Moreover, most of prior works only consider the model size and accuracy
in their methods and do not consider the system-level performance when deploying quantized models on hardware platforms. As illustrated in prior works [30],
a well quantized network can not guarantee superior performance on hardware
platforms. To address these two issues, the recently proposed mixed-precision
quantization methods assign un-equal bit widths across layers, and optimize the
hardware metrics directly in the quantization mechanism. For example, HAQ
[30] proposed a reinforcement learning method to learn the bit widths of weights
and activations across layers and minimized latency and energy in their objective
function directly.
Although noticeable improvement has been obtained by mixed-precision quantization, the layer-wise bit allocation scheme is still sub-optimal, since all channels in a CONV layer are quantized with equal bit width. In fact, different channels react very distinctively to quantization. Higher precision can be obtained
if allocating un-equal bit widths to channels. However, the challenge is that the
hyperparameter space of channel bit widths increases exponentially with the
number of channels. Given N channels and C bit widths, the search complexity
is O(C N ), where in a deep neural network, N can be tens of thousand or even
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more. Such huge search space could make it unaffordable for a heuristic search
method, like reinforcement learning [27], to find solution within limited time.
In this paper, we propose a new approach to efficiently explore the hyperparameter space of channel bit widths. We apply the classic coding theories [28],
and formulate the quantization of weights and activations as a rate-distortion
optimization problem. Since the output distortion is highly related to accuracy,
by minimizing the output distortion induced by quantization, our approach is
able to well maintain the accuracy at very low bit widths. We then search the
optimal bit allocation across channels in a rate-distortion optimized manner.
Through utilizing the additivity property of output distortion, we present an
ultra-fast algorithm with linear time complexity to find the optimal channelwise bit allocation, by using Lagrangian formulation. Our algorithm only costs
a few minutes on CPU for a deep neural network.
What’s more, we present an alternative way to improve the system-level
performance when deploying quantized networks on target hardware platforms.
Prior works typically optimize the hardware metrics of a whole network directly,
and need real-time feedback from simulators in their learning procedure, which
could cause additional overhead to optimization. Instead, our approach improves
hardware performance by restricting the size of each individual layer, and does
not require feedback from simulators. Our key insight is that the volume of
weights and activations in some layers is particularly significant, which exceeds
the capacity of on-chip memory. As a result, these layers significantly prolong
the inference time due to the necessity of slow data access to off-chip memory.
We thus constrain the size of these large layers to ensure that all variables can
be stored on-chip.
To our best knowledge, only one prior work, AutoQ [22], finds channel-wise
bit allocation, and optimizes the performance on hardware platforms simultaneously. AutoQ employs reinforcement learning to solve the bit allocation problem,
which is time-consuming, and could fall into a local optimum in their heuristic
search method. Our approach adopts Lagrangian formulation for fast optimization, and is able to find global optimal solution in a rate-distortion optimized
manner. We summarize the main contributions of our paper as following:
– We formulate the quantization of deep neural networks as a rate-distortion
optimization problem, and optimize the channel-wise bit allocation for higher
accuracy. We present an ultra-fast algorithm with linear time complexity to
efficiently explore the hyperparameter space of channel bit widths.
– We present a simple yet effective way to improve the performance on target
hardware platforms, through restricting the size of each individual layer and
incorporating hardware-aware constraints into our objective function. The
hardware-aware constraints can be integrated seamlessly, without causing
additional overhead to optimization.
– Our approach achieves state-of-the-art results on various deep neural networks on ImageNet. Hardware simulation results demonstrate that our approach is able to bring considerable speedups for deep neural networks on
two hardware platforms.
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Table 1. A comparison with prior mixed-precision quantization works.
Bit Allocation Hardware
Optimization
Complexity
Scheme
-Aware
ReLeQ [7]
Layer-Wise
No
Reinforcement Learning
High
HAQ [30]
Layer-Wise
Yes
Reinforcement Learning
High
DNAS [31]
Layer-Wise
No
Neural Architecture Search
High
DQ [29]
Layer-Wise
No
Training from Scratch
High
HAWQ [6]
Layer-Wise
No
Training from Scratch
High
ALQ [23]
Layer-Wise
No
Training from Scratch
High
AQ [18]
Element-Wise
No
Closed-Form Approximation
Low
PTQ [1]
Channel-Wise
No
Analytic Solution
Low
FracBits [32] Channel-Wise
No
Training from Scratch
High
DMBQ [34]
Channel-Wise
No
Training from Scratch
High
AutoQ [22]
Channel-Wise
Yes
Reinforcement Learning
High
RDO-Q (Ours) Channel-Wise
Yes
Lagrangian Formulation
Low
Approach

2

Related Works

We discuss prior mixed-precision quantization works related to our work. ReLeQ
[7] proposed an end-to-end deep reinforcement learning (RL) framework to automate the process of discovering quantization bit widths. Alternatively, HAQ
[30] leveraged reinforcement learning to determine quantization bit widths, and
employed a hardware simulator to generate direct feedback signals to the RL
agent. DNAS [31] proposed a differentiable neural architecture search framework
to explore the hyperparameter space of quantization bit widths. Differentiable
Quantization (DQ) [29] learned quantizer parameters, including step size and
range, by training with straight-through gradients, and then inferred quantization bit widths based on the learned step size and range. Hessian AWare Quantization (HAWQ) [6] introduced a second-order quantizatino method to select
the quantization bit width of each layer, based on the layer’s Hessian spectrum.
Adaptive Loss-aware Quantization (ALQ) [23] directly minimized network loss
w.r.t. quantized weights, and used network loss to decide quantization bit widths.
Layer-wise bit allocation scheme is employed in all the above methods.
Adaptive Quantization (AQ) [18] found a unique, optimal precision for each
network parameter (element-wise), and provided a closed-form approximation
solution. Post Training Quantization (PTQ) [1] adopted channel-wise bit allocation to improve quantization precision, and provided an analytic solution to find
quantization bit widths, assuming that parameters obey certain distributions.
FracBits [32] generalized quantization bit widths to arbitrary real numbers to
make them differentiable, and learned channel-wise (or kernel-wise) bit allocation during training. Distribution-aware Multi-Bit Quantization (DMBQ) [34]
proposed loss-guided bit-width allocation strategy to adjust the bit widths of
weights and activations channel-wisely. AQ, PTQ, FracBits, and DMBQ all did
not take the impact on hardware platforms into account. AutoQ [22] proposed a
hierarchical deep reinforcement learning approach to find quantization bit widths
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of channels and optimize hardware metrics (e.g., latency and energy) simultaneously. Different with AutoQ, our approach provides an alternative way to quickly
explore the hyperparameter space of bit widths with linear time complexity, and
is able to find global optimal solution in a rate-distortion optimized manner.
Table 1 illustrates the differences between the mixed-precision quantization approaches.
One prior work [9] interpreted neural network compression from a ratedistortion’s perspective. The main focus of [9] was giving an upper bound analysis of compression and discussing the limitations. [9] did not give a way to search
bit allocation, and there was no practical results provided.

3

Approach

We utilize classic coding theories [28], and formulate the quantization of deep
neural networks as a rate-distortion optimization problem [37, 36]. The differentiability of input-output relationships for the layers of neural networks allows us
to relate output distortion to the bit rate (size) of quantized weights and activations. We add hardware-aware constraints into the objective function to improve
the performance on hardware platforms. We will discuss the formulation of our
approach and its optimization in this section.
3.1

Formulation

Let F denote a deep neural network. Given an input I, we denote Y as the output
of F, i.e. Y = F(I). When performing quantization on weights and activations, a
b would be received. The output distortion is measured
modified output vector Y
b which is defined as
by the distance between Y and Y,
(1)

 \label {eq:dist} \delta = \|\mathbf {Y}-\widehat {\mathbf {Y}} \|_{2}^{2} 

Here Euclidean distance ∥.∥2 is adopted. Our approach allocates different quantization bit widths to weight channels and activation layers. We aim to minimize
the output distortion under the constraint of bit rate (size). Given the bit rate
constraint r, the rate-distortion optimization problem is formulated as
b 2 s.t.
min δ = ∥Y − Y∥
2

ni
l X
X
i=1 j=1

w
Ri,j
+

l
X

Ria ≤ r,

(2)

i=1

w
where Ri,j
denotes the bit rate of weight channel j in layer i, Ria denotes the bit
rate of activations in layer i, ni denotes the number of channels in layer i, and l
w
denotes the total number of layers. Specifically, Ri,j
equals to the quantization
w
bit width of channel j in layer i, denoted as Bi,j , multiplied by the number of
weights in that channel; Ria equals to the quantization bit width of activations
in layer i, denoted as Bia , multiplied by the number of activations in that layer.
We noticed that output distortion is highly related to network accuracy. By
minimizing output distortion induced by quantization, our approach is able to
maintain the accuracy at very high compression ratio.
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Fig. 2. Examples of finding optimal bit allocation w/ and w/o hardware-aware constraints.

3.2

Optimizing Channel-Wise Bit Allocation

We explored the additivity property of output distortion when performing quantization on weight channels and activation layers, and found that the additivity
property holds, similar to the observation made in [39, 37]. Utilizing the additivity property, we develop an efficient Lagrangian formulation method to solve
the bit allocation problem.
w
Specifically, let δi,j
and δia denote the output distortion caused by quantizing an individual weight channel and an individual activation layer, respectively.
The output distortion δ, caused by quantizing all weight channels and activation layers, equals the sum of output distortion due to the quantization of each
individual item
 \label {additivity} \delta = \sum _{i=1}^{l}\sum _{j=1}^{n_{i}}\delta _{i,j}^{w} + \sum _{i=1}^{l}\delta _{i}^{a} 

(3)

Equation (3) can be derived mathematically by linearizing the output distortion
using Taylor series expansion with the assumption that the neural network is
continuously differentiable and quantization errors can be considered as small
deviations. The mathematical derivation of Equation (3) is provided in supplementary material.
We then apply Lagrangian formulation [26] to solve objective function (2).
The Lagrangian cost function of (2) is defined as
 \label {lag} \mathcal {J} = \delta - \lambda \cdot \Big ( \sum _{i=1}^{l}\sum _{j=1}^{n_{i}} R_{i,j}^{w} + \sum _{i=1}^{l} R_{i}^{a} - r \Big ), 

(4)
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in which λ decides the trade-off between bit rate and output distortion. Setting
w
and Ria and utilizing
the partial derivations of J to zero with respect to each Ri,j
the additivity property in (3), we obtain the optimal condition
 \label {solution} \frac {\partial \delta _{i,1}^{w}}{\partial r_{i,1}^{w}} = ... = \frac {\partial \delta _{i,n_{i}}^{w}}{\partial r_{i,n_{i}}^{w}} = \frac {\partial \delta _{i}^{a}}{\partial r_{i}^{a}} = \lambda , 

(5)

for all 1 ≤ i ≤ l. Equation (5) expresses that the slopes of all rate-distortion
curves (output distortion versus bit rate functions) should be equal to obtain
optimal bit allocation with minimal output distortion. According to (5), we are
able to solve objective function (2) efficiently by enumerating slope λ and then
choosing the point on each rate-distortion curve with slope equal to λ as solution.
The algorithm works as follows. Before optimization, we quantize each weight
channel and activation layer with different bit widths and calculate the output
distortion caused by quantization to generate the rate-distortion curve for each
weight channel and activation layer. After that, we assign a real value to λ, and
select the point with slope equal to λ on each curve. The selected points on
all curves correspond to a group of solution for bit allocation. In practice, we
explore multiple values for λ until the network bit rate exceeds constraint r. We
randomly select 50 images from ImageNet dataset to calculate output distortion
caused by quantization. Given the number of λ evaluated, t, andPthe total number
l
of bit widths, b, the time complexity of optimization is O((l + i=1 i ) · t · b). The
algorithm has only linear time complexity, which can find the answer in a few
minutes on a normal CPU.
3.3

Choice of Quantizer

We adopt uniform quantizer in our approach. The quantization step size ∆ is
defined as a value of a power of 2, ranging from 2−16 to 20 , where the one
with minimal quantization error is selected. We clip all weights by (−2b−1 · ∆,
(2b−1 − 1) · ∆) and all activations by (0, (2b − 1)), in which b is the quantization
bit width. Note that our approach is compatible with other quantizers, including
both uniform quantizer and non-uniform quantizer (e.g., K-Means [10]). Since
the focus of this paper is not the design of quantizer, we only evaluate uniform
quantizer in our approach. It is worth mentioning that applying a non-uniform
quantizer could further improve the accuracy, but non-uniform quantizers are
more complicated for computation, and require additional resources (e.g., lookup tables) for implementation. Similar as prior mixed-precision methods [30, 22,
31], our approach employs uniform quantizer, as it is more hardware-friendly
and is straightforward for implementation.
3.4

Improving Performance on Hardware

We consider improving inference rate as a guide to the design of our quantization
mechanism. Inference rate is defined as the maximum number of images that
a neural network can process per unit time. Memory access, especially data
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Fig. 3. The number of weights and activations across layers and the on-chip capacity
on different hardware platforms.

movement from off-chip memory to on-chip memory, dominates inference time,
rather than convolutional operations [13, 12]. We thus aim to maintain as many
weights and activations as possible stored on-chip, and avoid data movement
from off-chip memory to improve inference speed.
Our key insight is that the volume of weights and activations in some layers
is particularly significant. As a result, part of weights and activations can not
be stored on-chip, which leads to significant memory-access traffic to off-chip
DRAM. Fig. 3 illustrates the number of parameters across layers and the onchip memory capacity on different hardware platforms. As we can see, on-chip
memory capacity is very limited, and the size of some layers exceeds the capacity.
To this end, we restrict the quantization bit widths in these large layers to
make sure that the size of these layers is less than on-chip memory capacity.
Specifically, for layer i, we have an independent bit rate constraint,
ni 
X


w
w
Ki,j
· Bi,j
+Kia · Bia ≤ mon ,

(6)

j=1

w
in which Ki,j
denotes the number of weights of channel j in layer i, Kia denotes
the number of activations in layer i, and mon denotes the on-chip memory capacity. In practice, we relax (6) into two items, and incorporate them to objective
function (2),

w
Bi,j
≤P

mon
, Bia ≤
β
Kia
+ 1−β

w
j Ki,j

1−β
β

αmon
,
P
w
a
j Ki,j + Ki

(7)

for all 1 ≤ i ≤ l and 1 ≤ j ≤ ni , where α and β are two hyperparameters,
ranging from 0 to 1. Incorporating constraints (7) into (2), we have the objective
function with the bit rate of each weight channel and activation layer constrained
to improve hardware performance

