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Abstract. The rotation search problem aims to find a 3D rotation that best aligns
a given number of point pairs. To induce robustness against outliers for rota-
tion search, prior work considers truncated least-squares (TLS), which is a non-
convex optimization problem, and its semidefinite relaxation (SDR) as a tractable
alternative. Whether or not this SDR is theoretically tight in the presence of noise,
outliers, or both has remained largely unexplored. We derive conditions that char-
acterize the tightness of this SDR, showing that the tightness depends on the noise
level, the truncation parameters of TLS, and the outlier distribution (random or
clustered). In particular, we give a short proof for the tightness in the noiseless
and outlier-free case, as opposed to the lengthy analysis of prior work.

1 Introduction

Robust geometric estimation problems in computer vision have been studied for decades
[28,40]. However, the analysis of their computational complexity is not sufficiently well
understood [51]: There are fast algorithms that run in real time [21,43,56,46], and there
are computational complexity theorems that negate the existence of efficient algorithms
[51,4].* For example, the commonly used consensus maximization formulation (for ro-
bust fitting) is shown to be NP hard in general [51], and its closely related truncated
least-squares formulation is not approximable [4], even though they are both highly
robust to noise and outliers. Between these “optimistic” algorithms and “pessimistic”
theorems, semidefinite relaxations of truncated least-squares [35,57,58] strike a favor-
able balance between efficiency (as they are typically solvable in polynomial time) and
robustness (which is inherited to some extent from the original formulation).

Even though noise and outliers are ubiquitous in geometric vision, and non-convex
formulations and their semidefinite relaxations have been widely used in a large body
of papers [33,2,24,18,41,15,14,34,7,8,9,47,27,1,37,61,25,26,3,49], much fewer works
[16,42,23,48,30,55,60,52,38]° provide theoretical insights on the robustness of semidef-
inite relaxations to noise, a few semidefinite relaxations [13,35,57,58] are empirically
robust to outliers, and only one paper on rotation synchronization [54] gives theoret-
ical guarantees for noise, outliers, and both. Complementary to the story of [51] and

* The catch is that the fast methods might not always be correct (e.g., at extreme outlier rates).
5[12,5,62,39] analyzed SDRs under noise but they are not for geometric vision problems.
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inheriting the spirit of [54], in this paper we consider the question of whether “a spe-
cific semidefinite relaxation” for “robust rotation search” is “tight” or not, and provide
tightness characterizations that account for the presence of noise, outliers, and both.

More formally, in this paper we consider the following problem (see [44,43,57] for
what has motivated this problem):

Problem 1 (Robust Rotation Search). Let {(y;, x;)}{_, be a collection of ¢ 3D point
pairs. Assume that a subset Z* C {1, ..., ¢} of these pairs are related by a 3D rotation
R} € SO(3) up to bounded noise {¢; : |||, < 6}/_; C R® with§ > 0, i.e.,

i = Rix; + €;, 1e’l*

y; and x; are arbitrary i ¢ 7% .
Here, Z* is called the inlier index set. If ¢ € Z* then x;, y;, or (y;, «;) is called an inlier,

otherwise it is called an outlier. The goal is to find R} and Z* from {(y;, =;) }i_;.

To solve this problem, we consider the truncated least-squares formulation (rotation
version), where the hyper-parameter c¢? > 0 is called the truncation parameter:

¢
. , )
Rogg(g) Z i { ||yz — Ro| 2 C?} (TLS-R)

i=1
While (TLS-R) is highly robust to outliers and noise [58], it is non-convex and hard to
solve. Via a remarkable sequence of algebraic manipulations, [57] showed that (TLS-R)
is equivalent to some non-convex quadratically constrained quadratic program (QCQP),
which can be relaxed to a semidefinite program (SDR) via the standard lifting technique.
The exact forms of (QCQP) and (SDR) will be shown in Section 2. One approach to
study how much robustness (SDR) inherits from (TLS-R) or (QCQP) is to verify if the
solution of (SDR) leads to a global minimizer to (QCQP). Informally, if this is true, then
we say that (SDR) is tight (cf. Definition 1). Here, we make the following contributions:

— For noiseless point sets without outliers (¢; = 0,Z* = {1,...,¢} in Problem 1),
we prove that (SDR) is always tight (Theorem 1). While this result had already
been proven in [57, Section E.3], our proof is simpler and shorter.

— For noiseless point sets with outliers, Theorem 2 states that (SDR) is tight for suffi-
ciently small truncation parameters c; and random outliers (regardless of the num-
ber of outliers), but it is not tight if ¢? is set too large. Theorem 3 reveals that (SDR)
is vulnerable to (e.g., not tight in the presence of) clustered outlier point pairs that
are defined by a rotation different from RJ. Different from Theorem 1, outliers and
improper choices of ¢? might actually undermine the tightness of (SDR).

— For noisy point sets without outliers, Theorems 4 and 5 show that (SDR) is tight
for sufficiently small noise and for sufficiently large c¢?. Theorem 4 is not hard to
prove within our analysis framework, while Theorem 5 improves over Theorem 4
by giving a better bound on ¢7 through non-trivial constructive arguments.

— The case of noisy data with outliers is the most challenging, but from our analysis
of the two previous cases, a tightness characterization for this difficult case follows
(Theorem 6). Thus, we will discuss this case only sparingly.
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Paper Organization. In Section 2 we review the derivations of (SDR) from (TLS-R)
[57], while we also provide new insights. In Section 3, we discuss our main results. In
Section 4, we present limitations of our work and potential avenues for future research.
The proofs of our results can be found in our full paper [45].

Notations and Basics. We employ the MATLAB notation [ay;. . .; as] to denote con-
catenation into a column vector. Given a 4(¢ 4+ 1) x 4(¢ + 1) matrix 4, we employ
the bracket notation [4];; of [57] to denote the 4 x 4 submatrix of 4 whose rows are
indexed by {4¢ 4+ 1,...,4i + 4} and columns by {4j + 1,...,4j + 4}. Following our
previous work on robust rotation search [46], we treat unit quaternions as unit vectors
on the 3-sphere S?. Each R € SO(3) can be equivalently written as

wi + wi — w3 —wi 2(wawz — w21w4) ) 2(wawyg + wiws)

2 2
R=| 2(wows+wiws) wi+wi—wi—w; 2(wsws—wiwsz) |, (2)
2 2 2 2
2(wowy —wrwsz)  2(wswyg +wiwe) Wi+ wi — ws — W
where w = [w1; wo; ws; wy] € S? and —w are unit quaternions. Conversely, every

3 x 3 matrix of the form (2) with [wy; ws; w3; wy] € S? is a 3D rotation. This means a
two-to-one correspondence between unit quaternions (S*) and 3D rotations (SO(3)).

2 (TLS-R) and Its Relaxation: Review and New Insights

In Section 2.1 we derive a semidefinite relaxation (SDR) from (TLS-R). More specifi-
cally, we show that (TLS-R) is equivalent to a truncated least-squares problem named
(TLS-Q), with the optimization variable being a unit quaternion. We further show that
(TLS-Q) can be equivalently written as a quadratically constrained quadratic program,
labeled as (QCQP). Thus, we obtain the semidefinite relaxation (SDR) of (QCQP), as a
result of lifting, and their dual program (D). See Table 1 for an overview.

While Section 2.1 follows the development of [57] in spirit, our derivation is sim-
pler. For example, we dispensed with the use of quaternion product [29] in [57], which
is a sophisticated algebraic operation. That said, it is safe to treat our (SDR) as equiva-
lent to the naive relaxation of [57]; see the full paper [45] for a detailed discussion.

In Section 2.2 we discuss the KKT optimality conditions that are essential for study-
ing the interplay among (QCQP), (SDR), and (D), and thus the tightness of (SDR).

Table 1: Descriptions of different programs. TLS means Truncated Least-Squares.

Programs Description

(TLS-R) The TLS problem with the optimization variable being a 3D rotation
(TLS-Q) TLS with the optimization variable being a unit quaternion, equivalent to (TLS-R)

(QCQP) A quadratically constrained quadratic program, equivalent to (TLS-Q)

(SDR) The semidefinite relaxation of (QCQP), obtained via lifting
(D) The dual program of (SDR) and (QCQP)
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2.1 Derivation

Notice that the term ||y; — Rox;||2 = ||ly:l|3 + ||z |2 — 2y," Rox; of (TLS-R) depends
linearly on the rotation Ry. Moreover, each entry of a 3D rotation R depends quadrat-
ically on its unit quaternion representation wq € S?; recall (2). One then naturally asks
whether ||y; — Rox;||3 is a quadratic form in wq; the answer is affirmative:

Lemma 1 (Rotations and Unit Quaternions). Let Ry be a 3D rotation, then we have

i — Ro%‘”i = w) Q;wo, (3)

where Q; is a 4 x 4 positive semidefinite matrix, and wo € S® is the unit quaternion
representation of Ry. Moreover, the eigenvalues of Q; are respectively

(willy + Nll)®s Clwlly + llallo)” (loell, = leeillo)", Clasll, = llell,)” )

While the exact form of Q; is complicated, Lemma 1 provides a characterization of the
eigenvalues of @Q;, which is much easier to work with. Note that, while the relationship
between 3D rotations and unit quaternions is well known (see, e.g., [29]), we have not
found (4) in the literature, except in the appendix of our prior work [46].

From Lemma 1, we now see that (TLS-R) is equivalent to

l
min min {wOTQi'wo, cf} (TLS-Q)

’onS3 i1
Using the following simple equality (§ € {—1, 1} in [35,57]; see also [31])

min{a,b} = eél{l(i)l)ll}ea +(1-0)p= 512112% fa + (1 — 0)b, Q)

problem (TLS-Q) can be equivalently written as

L L

min Z (91’onQl’w0 — 9165) + Z C?. (6)

3 92—Q9.
woeS?,67=0: ;7 i=1

Note that, while the constant Zle ¢? in (6) can be ignored, keeping it there will sim-
plify matters. Even though the objective of (6) is a cubic polynomial in the entries of
the unknowns w and 6;’s, problem (6) is equivalent to a quadratic program. Indeed, let

w; := 6;wq, which implies 0; = 'w(—)r w;. Then (6) becomes
¢

¢
min Z (wOT(Qi — c?LQwi) + Z c @)
i=1

wo€S3,w;e{wo,0} =1

The objective function of problem (7) is now quadratic. Moreover, the constraints are
also quadratic. To see this, one easily verifies that the binary constraint w; € {wy,0}
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can be equivalently written quadratically as w;w, = w;w, . Collecting all vectors of

variables into a 4(¢ + 1) dimensional column vector w = [wo; . ..; wy], we have
wy € S? tr(wow, ) = 1 tr ([ww " Joo) =1
= T T < T T ®)
w; € {wy,0} ww, = w;w,; [ww ' |o; = [ww ' ;.

In the last equivalence of (8) we used the notation | - |;; of Section 1. Having confirmed
(8), we can now equivalently transform (7) into the following (QCQP):

¢
- T 2
st. [ww o = [ww |y, Yie{l,..., 0} ©)

tr ([ww " Joo) = 1 (10)

In (QCQP), Q is our 4(¢ + 1) x 4(¢ + 1) data matrix, symmetric and satisfying

an

all other entries of Q are zero.

{[Q]Oi = Qo= X(Qi— L), Vie{l,....0}

It is now not hard to derive the semidefinite relaxation (SDR) and dual program (D)
from (QCQP) via lifting and standard Lagrangian calculation respectively:

Lemma 2 ((SDR) and (D)). The dual and semidefinite relaxation of (QCQP) are

IE%X/L-FiC? st. Q—pB—D>0 (D)
4

min tr (Qw) + ;cf (SDR)

st [Woi = [W]ii, Vie{l,... .0} 12)

tr ((W]oo) = 1 13)

In the dual (D), B is a matrix of zeros except [Blog = I, while D € R X4+ g
a matrix of dual variables accounting for the { constraints of (9), i.e., D satisfies

(14)

D is symmetric, [D)y; +2[D)o; =0, Vie{l,...,¢}
all other entries of D are zero.

In (D), we omitted constraint (14) on D for simplicity, but we will keep it in mind.

2.2 The Tightness and KKT Optimality Conditions

Studying the interplay among (D), (SDR), and (QCQP) is the main theme of the paper,
which will be discussed in more detail in Section 3. Here we give some basic results,
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to begin with. Note that weak duality between (QCQP) and (D) holds as a result of
Lagrangian calculation. Also, with 9 of the form (14) satisfying [D]o; := 2 (Q;+c?14)
and with y sufficiently small, it is not hard to show that Q — B — D > 0 (cf. the proof
of Theorem 1), thus (u, D) is a strictly feasible point of (D) and the Slater’s condition is
satisfied, hence strong duality between (D) and (SDR) holds. In summary, we have

‘
i+ Z ¢ = gp = gsor < Jocap (15)
i=1
where the last three terms of (15) are the optimal objective values of (D), (SDR), and
(QCQP), respectively. The next question is whether there are conditions under which
the last inequality becomes an equality, i.e., gspr = gocor- A (seemingly) stronger
version of this objective value equality is the following notion of tightness:

Definition 1 (Tightness). (SDR) is said to be tight if it admits w(w)' as a global
minimizer, where @ € RA*(¢+1) globally minimizes (QCQP).

The following proposition provides a starting point for tightness analysis whose
proof follows from a standard duality argument:

Proposition 1 (Optimality Conditions). Recall that B is defined in Lemma 2 and w
denotes a global minimizer of (QCQP). Let fi be such that [i + Zle c? globally mini-
mizes (D). (SDR) is tight if and only if there is a matrix D of the form (14) that satisfies
(i) (Q— B — D)w =0

(ii) Q— B —D >0

(iii) The minimum [ + Zle 012 of (SDR) is also the minimum of (QCQP).

Next, we simplify the above optimality conditions to ease the use.

Proposition 2 (Simplified Optimality Conditions). Let Q1, ..., Q-+ be inliers and
Qr*+1,-..,Qq outliers. Let wqg globally minimize (TLS-Q). Assume (TLS-Q) pre-
serves all inliers and rejects all outliers. Then the 4(¢ + 1) dimensional vector w =
[Wo; .. .;Wo;0;...,0], where wo appeared k* + 1 times, is a global minimizer of
(QCQP), and the optimality conditions of Proposition 1 can be simplified as follows:

-Ifp= Zf;l (11)(—)r Q;wy — c?), condition (i) of Proposition 1 is equivalent to

{(2[@]01+Qi6514)w0 =0, Vie{l,... .k} on

(2[Dlo;j + I, — Qj)wo =0, Vj € {k*+1,....0}.

— Condition (ii) of Proposition 1 is equivalent to (Vz; € R*)

L l
—il|zo|l3 + 2 2 [Dloizi — > 20 (2[Dloi — Qi + FLa)zi > 0. (02)
=1 =1

— Condition (iii) of Proposition 1 is equivalent to

E*

i= (g Qo — ). (03)

i=1
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Thanks to Propositions 1 and 2, establishing whether (SDR) is tight or not reduces to
finding dual certificates [Q)}Oi’s (and /1) that fulfill the (simplified) optimality conditions.
Identifying eligible [D]o;’s or showing that such [D]o;’s do not exist is a core idea in
proving our Theorems 1-6, which we discuss in greater detail in the next section.

3 Main Results

In this section we present our main results regarding the tightness of (SDR). Our results
are naturally categorized into four subsections. Section 3.1 treats the simplest noiseless
+ outlier-free case (Theorem 1). Sections 3.2 and 3.3 consider the case where the data
is corrupted by outliers (Theorems 2 and 3) and noise (Theorems 4 and 5), respectively,
and Section 3.4 brings them together for the noisy + outliers case (Theorem 6).

3.1 The Noiseless + Outlier-Free Case

Theorem 1 (Noiseless and Outlier-Free Point Sets). In the absence of noise and out-
liers, (SDR) is tight, meaning that w*(w*)" globally minimizes (SDR), where w* =

[ws ... ;wg] € RMHY is a global minimizer of (QCQP).

Proof. Note that w* = [wg;...;w{] is a global minimizer of (QCQP) that results in
the optimal value 0. Let D satisfy the constraint (14) with [D]g; := %(Qi + c21,) for
every ¢ = 1,..., ¢ and let i := — Zle 2. Then, with Q;w{ = 0 (Lemma 1), one

easily verifies that optimality conditions (O1) and (O3) of Proposition 2 hold. It remains
to prove condition (O2). Substitute the values of [D)]o;, f into (O2) and it simplifies:

L ‘ ‘
ZC?HZ()Hz + Zz:(Qi +C?I4)ZZ' — QZcfz;zo >0, Vz; € R*  (16)
i=1

=1 =1
4

=4 Z(C?HZ()—Zin—FZiTQiZZ‘) >0, Vz; €R4 (17)
=1

Thus (02) holds, as every Q); is positive semidefinite (Lemma 1). One also observes
that the equality is attained if and only if 20 = -+ = 2y =wjorzg = -+ = 2o = 0.

Our contribution here is a shorter proof for Theorem 1 than that in [57]. Besides Lemma
1, another key idea that shortens the proof is our construction of the dual certificate D
(or [ﬁ)}oz"S). While constructing dual certificates might be an art as there might not exist
general approaches for doing so, our experience is to (1) start with the simplest case
(e.g., noiseless + outlier-free), (2) make observations: observe the optimality conditions
(cf. Proposition 1), inspect the first and second order Riemannian optimality conditions
(cf. [6]), discover some properties of data (e.g., Lemma 1), (3) repeatedly try different
choices of certificates. In what follows, due to space limitations, we not always provide
full proofs of our theorems, but we always provide a sketch of the dual certificate.

3.2 The Noiseless + Outliers Case

Different from Theorem 1, in this case the tightness of (SDR) depends on both the data
and truncation parameter c?, as stated in the following result.
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Theorem 2 (Noiseless Point Sets with Outliers). Suppose there is no noise. Consider
(TLS-Q) with outliers Qp+11,..., Qe (k* < £). Recall w§ denotes the unit quater-
nion that represents the ground-truth rotation Rf. Let w* = [w(;...,w{;0;...;0] €
RAUEHD) yhere w{ appears k* 4 1 times, and let W* := w*(w*)—r Then we have:

- If0< c? < Amin(Qj), forall j = k* +1,...,¢, then (SDR) is tight, admitting W*
as a global minimizer.

- Ifc? > (wg) " Qjwy for some j € {k* + 1,...,4}, then W* is not a global
minimizer of (SDR).

Proof (Sketch). For the first part, note that c? < Amin(Qj), V5 = kE*+1,...,¢, s0

(TLS-Q) rejects all outliers and preserves all inliers, wg globally minimizes (TLS-Q),

B . . . ‘ -

and w* globally minimizes (QCQP)Awnh the minimum value Zj:k*ﬂ c?. Let [D]o; :=
%(Qz =+ 6%14) (V’L = 1, ey ]f*), [D}Oj = %(QJ — 0?14) (VJ = k'* + 1, P ,é), and
o= — Zle c?. With Q;wg = 0, Vi = 1,...,k%, (Lemma 1), one easily verifies

conditions (O1) and (O3) of Proposition 2 hold. Condition (O2) is the same as

K ¢
Z (C?HZQ — z1||§ + ziTQizi) + Z z;-r(Qj — C?I4)Zj >0, Vz; e R, (18)
1=1 j=k*+1

which holds true because Q;’ are positive semidefinite as per Lemma 1 and Q; >
c§I4. This proves the first part. For the second part, it suffices to prove that, given
¢ > (wy) " Qewg, the three conditions of Proposition 1 (or Proposition 2) can not be
simultaneously satisfied by w* and any /i and D, where D is of the form (14). This is
proved by constructing a specific counterexample; see our full paper [45] for details.

Remark 1 (Noiseless Point Sets with Random Outliers). If outlier (y;, ;) is randomly
drawn from R? x R? according to some continuous probability distribution, then with
probability 1 we have ||y, ||2 # ||z ;|2 (Lemma 2 of [53]), which implies Amin(Q;) > 0.
Thus, (SDR) is always tight to such random outliers, if c? — 0. Note that this discussion

is theoretical and does not apply to the case where |[|y;||2 — ||x;||2| is nonzero but is
below machine accuracy, as c? can not be set even smaller (the case c? = 0 is trivial).

If the condition cf < Amin(Q);) of the first statement in Theorem 2 holds then Q;
will always be rejected by (TLS-Q) as an outlier. In fact, since Amin(Q;) can be easily
computed (Lemma 1), in practice one usually throws away the point pairs (y;,x;)’s
for which c? < Amin(Q;) as a means of preprocessing (cf. [11,46]), and these point
pairs might not enter into the semidefinite optimization. Thus, Theorem 2 suggests that

(SDR) can distinguish this type of “simple” outliers, as long as c? is properly chosen.

In the second statement of Theorem 2, if the condition ¢Z > (w() T Qwy holds true
for outlier Q, then (TLS-Q) would attempt to minimize w(—)'— Qrwo + Zf;l w(—)r Q;wy
over wy € S? at least—an outlier showed up in the eigenvalue optimization—thus the
global minimizer of (TLS-Q) is unlikely to be wy. This is why we do not expect W* to
globally minimize (SDR); our theorem confirms this.
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Admittedly, Theorem 2 leaves a gap: What if c? is sandwiched between )\min(Qj)
and (wg) " Q;w? Or what can we say about the tightness of (SDR) if

)\min(Qj) < C? < (wS)TQJ'wS ? (19)

While our empirical observation suggests that #* does not globally minimize (SDR)
if (19) holds (with k* < £), the analysis of this case without further assumptions on the
outliers appears hard. The difficulty is that the outliers Q;’s could be so adversarial that
(w§) T Qjwy is arbitrarily close® to 0 while Ayin(Q;) = 0 for every j > k*. Thus, the
value of Theorem 2 is in that it shows that (SDR) can only handle “simple” outliers that
can be filtered out, and thus reveals a fundamental limit on the performance of (SDR).

Next, we consider the situation where outliers Q;’s can not be simply removed by
preprocessing, €.g., Amin(Q;) = 0. In particular, we assume the outliers are clustered
and show that the (SDR) under investigation is even more vulnerable:

Theorem 3 (Noiseless Point Sets with Clustered Outliers). With the notation of The-
orem 2, further suppose outliers Q=11, . .., Qy are “clustered” in the sense that

Q1w = = Quwf =0 (20)

with w' € S® some unit quaternion that is different from +wg. If

£ 2
Zj:k?*+1 cj < |( c\ T

= wy)

2

then W* does not globally minimize (SDR).

; 2D

ES
Wy

Proof (Sketch). The proof uses the same idea as in proving the second statement of
Theorem 2: Prove via counterexamples that the three conditions of Proposition 2 can no
hold simultaneously. They differ though, in how the counterexamples are constructed.

The clustered outliers of Theorem 3 defined in the sense of (20) mean that the outlier
pairs (y;,x;) (j > k*) are related by the same 3D rotation R¢! that correspond to w§,
that is y; = R§x;, Vj > k* (Lemma 1). Clustered outliers can be thought of as a
special type of adversarial outliers, the latter usually used to study the robustness of
algorithms in the worse case; it should be distinguished from data clustering [32,22].

To understand condition (21) of Theorem 3, consider a situation where all truncation
parameters are equal, ¢ = --- = c7. Then (21) simplifies to 1 — (¢ — k*)/(2k*) <
|(wf!) Twg |; also note that |(wf) Twg| € [0,1). Thus, if (—k* > 2k*, then (21) always
holds, and so W* never globally minimizes (SDR), which is forgivable as in this case
w neither globally minimizes (TLS-Q). However, even if the number of outliers is only
half the number of inliers, i.e., £ — k* = k*/2, Theorem 3 implies that W* would still
fail to globally minimize (SDR) as long as ’(wgl)Tw{; > 3/4, but wj would in general
globally minimize (TLS-Q) with suitable c? (cf. [59]). Then one might conclude that
(SDR) is strictly less robust to outliers than (TLS-Q).

6 Alternatively, if (wg) " Q;wg is small, then Q; might be treated as noisy data rather than an
outlier. We consider such noisy case in Sections 3.3 (without outliers) and 3.4 (with outliers).
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Finally, we note that Theorem 3 might be overly pessimistic. In fact, experiments
show that (SDR) is robust to 40%-50% outliers (y,, x;)’s, where y; and x; are sampled
uniformly at random from S? (so Amin(@;) = 0 by Lemma 1). Two factors account
for this empirically better behavior: i) Such random outliers are less adversarial than
clustered ones, ii) the extra projection step that converts the global minimizer of (SDR)
to a unit quaternion alleviates to some extent the issue of #* not minimizing (SDR).
In retrospect, there are two downsides in our analysis of Theorems 2 and 3: (1) We
have not taken such extra projection step into account, and (2) we only showed that W*
might not minimize (SDR) but have not proved how far the global minimizers of (SDR)
can be from W*, the latter being much more challenging though, in our opinion.

3.3 The Noisy + Outlier-Free Case

The noisy case, even without outliers, is more difficult to penetrate than previous cases.
A general reason for this is that the global minimizers of (QCQP) and (SDR) are now
complicated functions of noise. Since we already have Theorem 1, one might wonder
whether it can be extended to the noisy + outlier-free case using some continuity argu-
ment. In fact, [20] shows that, under certain conditions, if the noiseless version of the
Schor relaxation of some QCQP is tight, then its noisy version is also tight. While this
result is quite general, its conditions are abstract and hard to verify. In fact, it is not
applicable to our case directly, as in our problem the truncation parameters c? also have
impacts on the tightness, and the approach of [20] does not model, and thus could not
control the values of 2. Instead, our analysis must take both ¢Z and noise into account.
We begin by decomposing Q; of (TLS-Q) into the pure data part and noise part :

Lemma 3. Let Ry € SO(3). If (y:, x;) is an inlier that obeys (1), then we have
2 T 2
|yi — Rozs||, = wg Qiwo, Qi = P;+ E; + ||&||, 14, (22)

where wo € S® is the unit quaternion representation of Ry, and P; and E; are 4 x 4
symmetric matrices that repsectively satisfy the following properties:

— P, is positive semidefinite with its entries depending on y; and x;, and it has two
different eigenvalues 4||x;||3 and 0, each of multiplicity 2. The ground-truth unit
quaternion wy; is an eigenvector of P; corresponding to eigenvalue 0, i.e., Paw(| =
0. In particular, we have Q;wg = Pyw( = 0 in the noiseless case.

— E,; has entries depending on y;, x;, and noise €;, and has two different eigenvalues
2¢] Rix; +2|\€|2]|x:||2 and 2€; Rix; — 2||€;||2||:]|2, each of multiplicity 2. We
have wq E;wy = 2¢; (Rix; — Rox;) and in particular (w§) " E;w = 0.

A Warm-Up Result We first consider a simple case where ¢7 is sufficiently large:

Theorem 4 (Noisy and Outlier-Free Point Sets {(y;, x;)}{_,). Consider (TLS-Q)
with noisy inliers {Q;}¢_, and o € S? its global minimizer. Let w := [Wo; . . . ; Wo).
If 2 > A\nax(Q;) for every i = 1,...,{, then (SDR) is tight as it admits w(w) ' as



SDRs of TLS in Robust Rotation Search: Tight or Not? 11

a global minimizer, and, moreover, the angle 7§ between W and the ground-truth unit
quaternion w§, € S® grows proportionally with the magnitude of noise €;:

Sit [l [l
>\min2( Zle R)

In (23), each P; corresponds to the “pure data” part of Q; that satisfies Piwg =
0, P; = 0 (Lemma 3), and Amin» () denotes the second smallest eigenvalue of a matrix.

4
sin®(77) < Cosin’() = - (g wp)? (23)

Proof (Sketch). Let D satisfy (14) with [D]o; = 3(c2Iy — Q;),¥i = 1,...,(, and

let i = Zle (wg Qiwy — ¢?). Since ¢ > Amax(Q;), the minimum of (QCQP) is
Zle 'zi)OT Q;wq. Again, one easily verifies conditions (O1) and (O3) of Proposition 2
hold. Moreover, condition (O2) of Proposition 2 is equivalent to (Vz; € R*)

14

Z ((Zi —20) (211 — Qi) (2 — z0) + 2o (Qi - (’Lf?oTQﬂffo)L;)zo) >0,

i=1

which holds, as 21y — Q; = 0 and w, ( Zle Q;) Wy is the minimum eigenvalue of
Zle Q);. This proves the tightness. For the proof of bound (23), see our full paper [45].

First we note that the error bound (23) becomes zero as ¢; — 0 and thus wy = wy, pro-
vided that ||x;||2/ )\minZ( Zle R) is not too large. The denominator )\min2< Zle R)
seems inevitable, as it usually determines the stability of solving a minimum eigenvalue
problem: If )\min2< Zle R) — 0= )\min( Zle PZ-), then wq can be arbitrarily far
from wg even in the slightest presence of noise. Similarly, the bound can be trivial if
|l; |2 is too large. However, one can show that, for £ large enough, if the entries of each
x; are i.i.d. Gaussian, then Amin ( Zle Q;) is a positive multiple of Zle ||l;||3 with
high probability; see our paper [45] for rigorous statements. In other words, for random
Gaussian data, ||@;||2/ )\minZ( Zle R) is small and the bound (23) is well-behaved.

Condition c? > Amax(Q;) guarantees that no Q; will get rejected as an outlier. In
fact, it implies that the inner minimization of (TLS-Q) always “chooses” the quadratic
term w{ Q;wy for any unit quaternion wy. While (SDR) “is aware of” ¢ > A\pax (Q:)
(e.g., when it holds, (SDR) is tight), this condition presents a gap from Theorem 1:
Amax(Q:) # 0 even in the absence of noise but Theorem 1 holds for every ¢ > 0.
Thus, while Theorem 4 promises the tightness if ¢? is large enough, it leads us to the
task of finding the smallest possible ¢? for which (SDR) remains tight. This turns out
to be very challenging. In what follows, we give our efforts to this task, which we hope
will provide further insights into the noisy and outlier-free case.

Smaller Truncation Parameters for The Tightness The smaller truncation parame-
ters c7 that we find are tightly related to the eigengap (, defined as the ratio between the

second smallest eigenvalue Ayina (+) of Zle Q; and its minimum eigenvalue:
¢
Aminz (Y51 Qi)

(i=——==—— 24)
)‘min( Zf:l QZ)
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In analysis of eigenvalue algorithms (cf. [17]), the eigengap is typically defined as the
difference between two consecutive eigenvalues of some matrix. Our eigengap (24) that
takes the division of two smallest eigenvalues is not standard, but it will be convenient
for our purpose. Also note that, Q; is a perturbed version of P; by noise €; (Lemma 3),
SO /\mm( Zle Qi) is in general nonzero, while it indeed approaches zero if €; — O.
Clearly ¢ > 1. Moreover, we have the following immediate observation:

Remark 2. 1If (TLS-Q) has a unique solution and if ¢? > on Q;wo (Vi), then ¢ > 1.
We are now ready to state the following result:

Theorem 5 (Noisy and Outlier-Free Point Sets, Version 2). Suppose ( > £/(¢ — 1).
The same conclusion of Theorem 4 holds true if

d;| + d; .
c?>wJino+Hino\2+%, Vi=1,...,0 (25)
é 5T O /\max Z i Qi_Q'
with d; = =10 Qitho “ Q0 _ 7 Quing + ( éa( . j>). 26)

Proof (Sketch). Let V= [‘70, o] € R*4 form an orthonormal basis of R*; ‘70 €
R**3 satisfies V"o = 0 and V' V) = I3. Let ji := Ele (wg Qi — ¢?) and

[D]o; ==V VT - %(Q - c314), Vi=1,...,0 7)

where CZA“Z is a 3 X 3 symmetric matrix defined as
~ ~ Y/ N ~
= AP S Q¥ (T @] Quin )l
R R ‘ '
Then, similarly to the proof sketch of Theorem 4, it is not hard to show that conditions

(O1) and (O3) of Proposition 2 are satisfied. Yet, proving (O2) under assumptions (25)
and ¢ > ¢/(£ — 1) is not that obvious, and we omit it here in interest of space.

(28)

Theorem 5 is better understood via numerics. We take randomly generated ¢ = 100
point pairs (y;, x;)’s with &; ~ N(0, I5), and add different levels of Gaussian noise

€; ~ N(0,0°1I3), where o ranges from 1% to 10%. The values of Apin ( 25:1 Q;) and

Amin2 ( Zle Qi), and thus (, are shown in Figure la, where one might observe that
¢ =~ 250 for 10% noise, ¢ ~ 25000 for 1% noise, and, in general, { = oo for the
noiseless case. This empirically validates the assumption ¢ > ¢/(¢ — 1) = 100/99.
We then elaborate the more complicated condition (25). First we recall that c? >
1&3— Q,;wy is essential for (TLS-Q) to preserve all inliers. Second, we argue that the
term ||Q;w||2 in (25) is also essential, as it accounts for the fact that noise destroys
the inequality Amin(Q:) — liJOT Q;wy > 0 which holds in the noiseless case (where

Amin(@:) = ’lfJOT Q;wy = 0) but gets violated (in general) in the presence of noise.
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3 . 0.4 -M 10 - 88885850
~ 750 - 3
e N 0.05 - & RHS of (25) (i = 1)

<4500 - B Amax(Q1)
Eﬂ i 1‘:‘ = 5E-3 - 0.4 -
a 250 =
£ & sga- fEI
0- ] ] ] V 0 ] -E.|lb0TQlw‘|]+‘‘QlwHl2 0.05 7 ] ] ] ]
1% 4% 7% 10% 1% 4% ™% 10% 1% 4% ™%  10%
Noise Level (o) Noise Level (o) Noise Level (o)
(a) (b) (©)

Fig. 1: Numerical illustration of condition (25) of Theorem 5 (500 trials, £ = 100).

Finally, (25) also incurs a curious term (|d;| + d;)/2, with d; defined in a sophisticated
way (20). If d; < 0 then this term is 0. Thus it remains to understand the values of |d;|.
In particular, we plotted the values of |d;| in Figure 1b in comparison to ti;oT Q1w +
|Q1w]|2, and observed that |d;| is two orders of magnitude smaller (there is nothing
special about the choice of index 1). In fact, as noise approaches zero, we have Q;wy —
0 and (in general) ( — oo, hence d; — 0 by definition (26). Overall, condition (25)
degenerates into ¢ > 0 in the noiseless case. Thus one might conclude that condition
(25) is tighter than ¢ > Apax(Q;) of Theorem 4, as Lemma 1 implies Apax (Q:) # 0
even without noise. Indeed, this is further numerically evidenced by Figure Ic where
the lower bound of (25) with ¢ = 1 ranges from 0.04 to 0.4, while the counterpart
Amax (Q1) of Theorem 4 is roughly 12, arguably much larger.

While the term (|d;|+d;)/2 is quite small (Figure 1b) and sometimes harmless (e.g.,
when d; < 0), it appears as an artifact of our analysis, and we expect an ideal condition
for the noisy + outlier-free case to be ¢? > w, Qo + HQﬂboHQ. However, proof
under this alternative condition demands showing some matrix inequality that involves
a sum of matrix inverses always holds; we were not able to prove it.

3.4 The Noisy + Outliers Case
Combine the proof ideas of Theorems 2 and 5, and we obtain:

Theorem 6 (Noisy Point Sets with Outliers). Ler Q1, ..., Q- be inliers, the rest
Q;’s outliers, and wq a global minimizer of (TLS-Q). Define

Amin2 ( Ziil Qz) )
)\min( 25;1 Qz)

Assume (1) Gn > k*/(k* — 1), (2) for every j = k* +1,...,¢, we have 0 < c? <
Amin(@Q;), (3) for every i =1,...,k*, (25) holds with d; now defined as

A (D1 (@i - Q)
C(k*—1) '

Gin 1= (29)

k* ~ N
>y Wg Qg

di = o+

— Wy Qo + (30)
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Then (SDR) is tight and, similarly to (23) we have

421 1H€z HQ 24 AT
< ) i=1— (wy w 31
m1n2(2 ) S (7'0) (w 0 0)

Here we recall that wi; € S® is the ground-truth unit quaternion, and each P; is the
“pure data” part of Q; that satisfies Pywg = 0, P; = 0 (Lemma 3).

sin? (75) <

Proof. The given assumptions ensure that (TLS-Q) rejects all outliers and admit all in-
liers, and the minimum of (TLS-Q) is Z _, Wy Qlw0+ZJ —k+1 cj Fori=1,...,k*
let Dy; be defined as in (27), and for j = k* + 1,...,¢ let [D]o; = 2(Q; — 2 I4)
Let i := Zf 1 (wo Q;wqy — c; ) One then verifies the optimality conditions (O1) and
(03) of Proposition 2 are satisfied. (02) is equivalent to (Vz; € R*)

_HHZO||2+Z(22 Ozzz_ 5(2[ } Qz+C I4 )+ Z O >O

i=k*+1

Inlier Term Outlier Term

where O; = 2z;(Q; — c?L;)zj. Since Q; = c§I4, Oj; is non-negative. Under the given
assumptions, one can replace £ by k£* in the proof of Theorem 5 and then find the inlier
term is also non-negative. This finishes proving (O2) and thus the tightness of (SDR).
The error bound (31) follows from the proof of Theorem 4 with ¢ replaced by k*.

Note that all assumptions of Theorem 6 have their counterparts in previous results (e.g.,
Theorems 2 and 5), so we omitted further explanations.

4 Discussion and Future Work

We have investigated the tightness of a semidefinite relaxation (SDR) of truncated least-
squares for robust rotation search in four different cases, and in each case we either
showed improvements over prior work or proved new theoretical results. Our investiga-
tion can potentially be borrowed to understand semidefinite relaxations of many other
geometric vision tasks; see [58] for 6 examples of truncated least-squares and see also
[20,3,10].

As is common in the optimization literature, the relaxation we analyzed is at the
first (i.e., lowest) relaxation order of the Lasserre hierarchy [36], or otherwise known
as the Shor relaxation [50]. A tighter relaxation that has quadratically more constraints
than (SDR) exists (cf. [57]). However, analyzing this tighter relaxation is significantly
harder, as one needs to either (1) construct quadratically more dual certificates during
the proof, or (2) use more abstract optimality conditions (cf. [19,20]). Therefore, we
leave this challenging question to future work.
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