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Abstract. Long-tailed learning aims to tackle the crucial challenge that
head classes dominate the training procedure under severe class imbal-
ance in real-world scenarios. However, little attention has been given to
how to quantify the dominance severity of head classes in the represen-
tation space. Motivated by this, we generalize the cosine-based classifiers
to a von Mises-Fisher (vMF) mixture model, denoted as vMF classifier,
which enables to quantitatively measure representation quality upon the
hyper-sphere space via calculating distribution overlap coefficient. To
our knowledge, this is the first work to measure representation quality
of classifiers and features from the perspective of distribution overlap
coefficient. On top of it, we formulate the inter-class discrepancy and
class-feature consistency loss terms to alleviate the interference among
the classifier weights and align features with classifier weights. Further-
more, a novel post-training calibration algorithm is devised to zero-costly
boost the performance via inter-class overlap coefficients. Our method
outperforms previous work with a large margin and achieves state-of-
the-art performance on long-tailed image classification, semantic segmen-
tation, and instance segmentation tasks (e.g., we achieve 55.0% overall
accuracy with ResNetXt-50 in ImageNet-LT). Our code is available at
https://github.com/VipaiLab/vMF_OP.

Keywords: von Mises-Fisher Distribution· Distribution Overlap Coef-
ficient· Long-tailed Learning· Representation Learning

1 Introduction

Most real-world data comes with a long-tailed nature: a few head classes con-
tribute the majority of data, while most tail classes comprise relatively few
data.An undesired phenomenon is models [42,2,36] trained with long-tailed data
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perform better on head classes while exhibiting extremely low accuracy on tail
ones.

To remedy it, one of the mainstream insights works on devising balanced clas-
sifiers [16,46,45] against imbalanced data. The cosine-based classifier discards the
norms that have been proven to be larger on head classes [54]. The � -norm clas-
sifier [16] manually shrinks the discrepancy among the norms of classifier weights
through a � -normalization function. In addition, some works [32,13,23,2] attach
extra margin or scale terms on output scores to prompt classifiers to focus on
data-scarce classes. Another prevailing method devotes to learning discrimina-
tive features using imbalanced data [34,52,31,5,44]. Range loss [52] is proposed
to enlarge the inter-class feature distance and reduce the intra-class feature vari-
ation within the mini-batch data. Unsupervised discovery (UD) [44] uses self-
supervised learning to help the model highlight tail classes from the feature level.
In addition, LDA [31] transfers the learned feature distribution from the training
domain to an ideal balanced domain.

While achieving promising performance, there lack of measures to quanti-
tatively evaluate to what extent these classifiers or features can achieve the
presumed “balanced” classifiers or “discriminative” features. Hence, one cannot
measure how severely head classes dominate the features and classifiers in the
high-dimensional representation space, resulting in confusions to guide further
optimization for improved long-tailed learning.

To this end, we first extend cosine-based classifier as a von Mises-Fisher
(vMF) distribution mixture model on hyper-sphere, denoted as the vMF classi-
fier. Second, based on the representation space constructed by the vMF classifier,
we mathematically define a novel measure between two probability density fuc-
tions, denoted as distribution overlap coefficient oΛ, to quantify to what extent
the classifiers are ”balanced” or features are ”discriminative”. A high oΛ means
that the two distributions (classes) are severely intertwined together. We sup-
pose that oΛ among classes in a “balance” classifier should be low enough, i.e.,
one class is not overwhelmingly dominated by other ones. “Discriminative” fea-
tures means oΛ between features and the corresponding classifier weights is high
enough, i.e., features are well matched with correct classes.

On top of oΛ, we provide an explicit optimization objective to boost the repre-
sentation quality on hyper-sphere, i.e., to allow classifier weights to be distributed
separately while aligning the weights of classifiers with features. Specifically, we
propose two loss terms: the inter-class discrepancy and class-feature consistency
loss. The first one minimizes the overlap among classifier weights, and the sec-
ond one maximizes the overlap between features and the corresponding classifier
weights. To further ease dominance of the head classes in classification decisions
during inference, we develop a post-training calibration algorithm for classifier
at zero cost based on the learned class-wise overlap coefficients.

We extensively validate our model on three typical visual recognition tasks,
including image classification on benchmarks (ImageNet-LT [25] and iNatural-
ist2018 [39]), semantic segmentation on ADE20K dataset [57], and instance
segmentation on LVIS-v1.0 dataset [9]. The experimental results and ablative
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study demonstrate our method consistently outperforms the state-of-the-art ap-
proaches on all the benchmarks.

Summary of Contributions:

{ To the best of our acknowledge, we are the first in long-tailed learning to
define the distribution overlap coefficient to evaluate representation quality
for features and the proposed vMF classifiers.

{ We formulate overlap-based inter-class discrepancy and class-feature consis-
tency loss terms to alleviate the interference among the classifier weights and
align features with classifier weights.

{ We develop a post-training calibration algorithm for classifier at zero cost
based on the learned class-wise overlap coefficients to ease dominance of the
head classes in classification decisions during inference.

{ Our models outperform previous work with a large margin and achieve state-
of-the-art performance on long-tailed image classification, semantic segmen-
tation and instance segmentation tasks.

2 Related works

Classi�er design for deep long-tailed learning. In generic visual prob-
lems [55,11], the common practice of deep learning is to use linear classifier. How-
ever, long-tailed class imbalance often results in larger classifier weight norms
for head classes than tail classes, which makes the linear classifier easily bi-
ased to dominant classes. To address long-tailed class imbalance, researchers
design different types of classifiers. Scale-invariant cosine classifier [45] is pro-
posed, where both the classifier weights and sample features are normalized.
The � -normalized classifier [16] rectifies the imbalance of decision boundaries
by introducing the � temperature factor for normalization [49]. Realistic tax-
onomic classifier (RTC) [46] addresses the issue with hierarchical classification
where different samples are classified adaptively at different hierarchical levels.
GistNet classifier [24] leverages the over-fitting to the popular classes to transfer
class geometry from popular to few-shot classes. Causal classifier [37] records
the bias by computing the exponential moving average features during training,
and then removes the bad causal effect by subtracting the bias from prediction
logits during inference.
Representation learning for long-tailed learning. Existing representation
learning methods for long-tailed learning mainly focus on metric learning, proto-
type learning. Metric learning based methods [17,41,34] explore distance-based
losses to learn a more discriminative feature space. LMLE [14] introduces a quin-
tuple loss to learn representations that maintain both inter-cluster and inter-class
margins. Prototype learning based methods [26,60] seek to learn class-specific
feature prototypes to enhance long-tailed learning performance. Open long-tailed
recognition (OLTR) [26] innovatively explores the idea of feature prototypes
to handle long-tailed recognition in an open world. Self-supervised pre-training
(SSP) [48] uses self-supervised learning for model pre-training, followed by stan-
dard training on long-tailed data.
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Fig. 1. Overview of our proposed method during the training period. Bottom box
consists of the following steps in sequence: sampling a mini-batch images B from train-
ing set Dtra, learning features by the feature extractor 	(·;�), embedding features
onto hyper-sphere, predicting output via our proposed vMF classifier �(·;K;M) and
calculating the performance loss value.Upper boxes introduce our proposed the class-
feature consistency loss term Lcfc and inter-class discrepancy loss term Licd.

von Mises-Fisher Distribution. In directional statistics, the von Mises–Fisher
distribution [15] is a probability distribution on the hyper-sphere. There are a
lot of methods built on von Mises–Fisher distribution in machine learning and
deep learning. The vMF Mixture Model (vMFMM) [10] proposes SFR model
which assumes that the facial features are unit vectors and distributed accord-
ing to a mixture of vMFs. The vMF k-means algorithm [28] is proposed based on
the mixture vMF distribution to unsupervisedly evaluate the compactness and
orientation of clusters. More recently, the t-vMF similarity[19] rebuilds the clas-
sifier by the proposed similarity based on vMF distribution to regularize features
within deteriorated data. Sphere Confidence Face [20] minimizes KL divergence
between spherical Dirac delta and r-radius vMF to achieve superior performance
on face uncertainty learning.

Different from all them, to our best acknowledge, we are the first to quantify
the distribution overlap coefficient between vMF distributions. Benefiting from
it, we conduct a series of comprehensive and in-depth analyses to explore how
to achieve high-quality representation space built upon vMF distribution.

3 Methodology

First, we briefly review the canonical pipeline of long-tailed learning, exemplified
by long-tailed image classification, and elaborate on our proposed vMF classifier.
Afterward, we mathematically define the distribution overlap coefficient. On top
of it, we further present the proposed the inter-class discrepancy loss and class-
feature consistency loss terms. Finally, a post-training calibration algorithm is
devised to zero-costly boost performance.
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3.1 Build vMF Classi�er on Hyper-Sphere

Let Dtra = fI l; ylg, l 2 f1; � � � ; Ng be the training set, where I l denotes an
image sample and yl = i indicates it belongs to class i. Let C be the total
numbers of classes, ni be the number of samples in class i, where

PC
i=1 ni = N .

The class prior distribution on training set can be defined as ptraD (i) = ni=N .
As shown in Fig. 1, given a pair (I l; yl) sampled from a mini-batch B � Dtra,

feature vector xl = 	(I l;�) 2 R1×d is extracted by the feature extractor 	(�;�),
of which learnable parameter � is instantiated by a neural network (e.g., ResNet).
Then xl is projected onto the unit hyper-sphere Sd−1 via x̃l = xl=kxlk2 and
subsequently fed into the vMF classifier.

We depict the classifier with C classes as a mixture model with C von
Mises-Fisher distributions on Sd−1, each class containing two variables: the com-
pactness �i 2 R+ and the unit orientation vector �̃i 2 R1×d. Consequently,
vMF classifier is well-defined as �(�;K;M), where K = f�1; :::; �Cg and M =
f�̃1; :::; �̃Cg are learnable compactness and orientation vectors for C classes,
respectively. The probability density function (PDF) p(x̃j�i; �̃i) of i-th class is
mathematically defined as:

p(x̃j�i; �̃i) = Cd(�i)e
κi·x̃�̃>

i =
�i

d
2−1

(2�)
d
2 � I d

2−1(�i)
eκi·x̃�̃

>
i ; (1)

where Iv(�) is the modified Bessel function [18] of the first kind of real order v
and Cd(�) is a normalization constant.

From the view of Bayes Theorem [29], given the class prior distribution ptraD (i)
and p(x̃lj�i; �̃i), the probability pli for I

l belonging to class i can be formulated
by the posterior probability p(yl = ijx̃l) as:

pli = p(yl = ijx̃l) =
ptraD (i) � p(x̃lj�i; �̃i)PC

j=1 p
tra
D (j) � p(x̃lj�j ; �̃j)

: (2)

Eq. 2 is the formulation of our vMF classifier. Our vMF classifer degrades to
a balanced cosine classifier [32] with a temperature �, when �i = const �; 8i 2
[1; C].

The performance loss Lperf of the mini-batch B is calculated by the cross-
entropy function as follows:

Lperf = � 1

N ′

N 0X
l=1

CX
i=1

1[yl = i] � log pli; (3)

where 1[y = i] is the binary indicator that denotes whether the corresponding
image comes from the i-th class and N ′ is the number of samples in a mini-batch.

The total loss L for mini-batch B in one iteration is calculated as:

L = Lperf + � � (Licd + Lcfc); (4)

where Licd and Lcfc are proposed additional loss terms to regularize feature and
classifier, which will be introduced in the subsequent subsection. � is a hyper-
parameter to adjust the weight of additional loss terms.
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Table 1. Derivatives for compactness and orientation of vMF classi�er.

@o� @log pl
i

@�i o2
� � @Ad ( � i )

@� i
� (� j � ~� i ~� >

j � � i ) (1 � pl
i ) � ( ~x l ~� >

i � Ad (� i ))

@�j o2
� � (Ad (� i ) � ~� i ~� >

j � Ad (� j )) � pl
j � ( ~x l ~� >

j � Ad (� j ))

@~� i o2
� � � j � Ad (� i ) � ~� j (1 � pl

i ) � � i � ~x

@~� j o2
� � � j � Ad (� i ) � ~� i � pl

j � � j � ~x

3.2 Quantify Distribution Overlap Coe�cient on Hyper-Sphere

As aforementioned, we geometrically depict the classi�er as a set of vMF dis-
tributions on Sd� 1. The distribution overlap coe�cient [7] is mathematically
explained as the area of intersection between two probability density functions.
Based on it, we mathematically quantify distribution overlap coe�cient to mea-
sure the intersection degree of two classes (vMF distribution) in theSd� 1. In
this paper, we provide the analytic expressiono� based on Kullback-Leibler
divergence [30] for the vMF distribution [8]. Speci�cally, o� is de�ned as:

o� (� i ; � j ; ~� i ; ~� j ) =
1

1 + KL f p( ~x j� i ; ~� i ); p( ~x j� j ; ~� j )g
; (5)

where KL f p( ~x j� i ; ~� i ); p( ~x j� j ; ~� j )g is the Kullback-Leibler divergence between
two vMF distributions, abbreviated as KL ij :

KL ij = �
Z

~x
p( ~x j� i ; ~� i ) � ln

p( ~x j� j ; ~� j )
p( ~x j� i ; ~� i )

d~x

= ln
Cd(� i )
Cd(� j )

�
Z

~x
Cd(� i ) � e� i � ~x ~� >

i d~x
| {z }

=1

+ (
Z

~x
~x � Cd(� i ) � e� i � ~x ~� >

i d~x )
| {z }

= E[ ~x ]= A d ( � i ) � ~� i

(� i � ~� >
i � � j � ~� >

j )

= ln
Cd(� i )
Cd(� j )

+ Ad(� i ) � (� i � � j ~� i ~� >
j );

(6)

where Ad(� i ) = I d=2(� i )=Id=2� 1(� i ) is non-decreasing and 0<A d(� i )< 1. E[~x ] is
the expectation vector for ~x � p( ~x j� i ; ~� i ) [33]. Generally 0<o � � 1. o� = 1 (i.e.,
� i = � j and ~� i ~� >

j = 1) means they are completely congruent.o� ! 0 indicates
there is nearly no intersection between two distributions.

The derivatives of � i , � j , ~� i and ~� j for o� are listed as the Col 1 of Tab. 1.
And visualization for them is demonstrated in Fig. 2. Speci�cally, the partial
derivative with respect to ~� i ~� >

j is non-negative.
The partial derivatives with respect to � i or � j are non-monotonous. An

empirical conclusion is that � i and � j need to be kept at the same order of mag-
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(a) o� (� i ; � j ; ~� i ; ~� j ) (b) @o� ( � i ;� j ; ~� i ; ~� j )
@� i
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j

Fig. 2. Visualization of overlap coe�cient o� (� i ; � j ; ~� i ; ~� j ) and partial derivatives for
� i and ~� i ~� >

j . To exhibit them in 3D coordination, � j is �xed to a certain value,
instantiated as 16. � i and ~� i ~� >

j ( ~� i 2 R1� 512 ) are uniformly sampled 100 values from
range [12, 20] and range [-1, 1], respectively.

nitude to achieve guaranteed performance, when usingo� as the optimization
objective.

3.3 Improve Representation of Feature and Classi�er via o�

Inter-class Discrepancy Loss. To achieve the discriminative representation
space in long-tailed learning, we seek to optimize our vMF classi�er via shrinking
the overlap among classes as much as possible to alleviate the overwhelm of the
head classes on the tail ones. We denote the above optimization objective as the
inter-class discrepancy loss termL icd , which acts function on the weightsK and
M of the vMF classi�er.

First, we measure the average overlap coe�cientoi among classi and all the
other classes, formulated by:

oi =
1

C � 1

CX

j =1 ;j 6= i

o� (� i ; � j ; ~� i ; ~� j ): (7)

Furthermore, we de�ne the inter-class discrepancy loss termL icd as:

L icd =
1
C

CX

i =1

oi ; (8)

The proposedL icd minimizes the average distribution overlap coe�cient to
regularize distributions, contributing to a more distinction-prone classi�er on
Sd� 1.

Class-Feature Consistency Loss. In addition, the poorly matching between
the feature vectors and the corresponding classi�er weights derives unsatis�ed
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performance, especially for the sample-starved classes. Class-feature consistency
loss term L cfc is proposed to alleviate the above issue by aligning features with
the corresponding classi�er weights as far as possible.

Speci�cally, we �rst �t the class-wise feature distribution ( � x , ~� x ) within
the mini-batch B. The class set involved inB is denote asC0. For a certain class
i 2 C0, the feature-level orientation vector ~� x

i is de�ned as:

~� x
i =

P N 0

l =1 ;y l = i x l

k
P N 0

l =1 ;y l = i x l k2

: (9)

Considering that the compactness� is over-sensitive to sample number and
intractable to be estimated [10], � is shared between the feature and the corre-
sponding classi�er weight, i.e., feature-level compactness� x

i for class i is equal
to � i . Then, L cfc is formulated as following:

L cfc = Ei 2C 0 [1 � o� (� i ; � x
i ; ~� i ; ~� x

i )]; (10)

whereE indicates the average function.L cfc is, in e�ect, equivalent to maximiz-
ing the distribution overlap coe�cient between features and the corresponding
classi�er weights.

3.4 Calibrate Classi�er Weight beyond Training via o�

Despite exerting additional loss terms to regularize features and classi�ers, the
overwhelm of the head classes on the tail ones is, in e�ect, tough to eradicate
under a highly imbalanced dataset. We visualize the compactness of the classi�er
and the average overlap coe�cients from a well-trained model, as demonstrated
in Col 1 of Fig. 3. The head classes share larger compactness and smaller overlap
coe�cients, however, the case for tail ones is reversed.

A general summary of the calibration strategy is that increase the compact-
ness for classes that are severely overlapped with other classes. Speci�cally, given
a well-trained vMF classi�er � (�; K ; M ), we �rst apply Eq. 7 to obtain the av-
erage overlap coe�cient for each class, denoted asO = f o1; :::; oC g. Then we use
a maximum-minimum normalization strategy to reconcile O to the same value
range asK , to make sure that both are on the same order of magnitude by:

ôi =
oi � omin

omax � omin � (� max � � min ) + � min ; (11)

where omax and omin are maximum and minimum values of setO , respectively,
as well as � max and � min . We reset compactness vector aŝK = f �̂ 1; :::; �̂ C g,
formulated as following:

�̂ i = � �
i � ô1� �

i ; (12)

� 2 [0; 1] is a hyper-parameter to balance the importance contribution to the re-
scaledK̂ as shown in Fig. 3. In the inference period, we comply with a canonical
assumption that the classes on the test set follow the uniform distribution, i.e.,
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Fig. 3. The calibrated compactness of vMF classi�er (trained on ImageNet-LT with
ResNetXt-50 feature extractor). Under di�erent � settings, we adjust � via Eq. 11
and Eq. 12. Each picture represents the value of re-scaledK̂ when � equals to the
corresponding value. When � = 0, it indicates �̂ i = ôi , while � = 1 , �̂ i = � i .

ptest
D (i ) = 1 =C. Consequently, we replaceptra

D (i ) by ptest
D (i ) in Eq. 2, and the

vMF classi�er is calibrated as � (�; K̂ ; M ).
Moreover, our post-training calibration algorithm is capable of extending to

several wide-used classi�ers for cost-free performance boosting. Next, we instan-
tiate how to apply the algorithm above to calibrate the weights of � -norm [16],
causal classi�ers [38] and linear classi�ers. Given the weight vectorw �

i of classi
from a well-trained � -norm classi�er W � , we equivalently convert w �

i into com-
pactness� i = kw �

i k1� �
2 and orientation vector ~� i = w �

i =kw �
i k2. After calibra-

tion via Eq. 11 and Eq. 12,w �
i is rebuilt by producting orientation vector and re-

balanced compactness together. Along the same lines, the weight vectorw cau
i for

a well-trained causal classi�erW cau is converted to� i = kw cau
i k2=(kw cau

i k2+ 
 )
and ~� i = w cau

i =kw cau
i k2. The weight vector w lin

i for a well-trained linear clas-
si�er W lin is converted to � i = kw lin

i k2 and ~� i = w lin
i =kw lin

i k2. 
 and � are
both the hyper-parameters for classi�ers above. (Detail proofs in AppendixA.2 )

4 Experiments

In this section, we conduct a series of experiments to validate the e�ectiveness
of our method. Below we present our experimental analysis and ablation study
on the image classi�cation task in Sec. 4.1, followed by our results on semantic
segmentation task and instance segmentation task in Sec. 4.2.

4.1 Long-tailed Image Classi�cation Task

Datasets and Setup. We perform experiments on long-tailed image classi�ca-
tion datasets, including the ImageNet-LT [25] and iNaturalist2018 [39].
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