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Abstract. It is well noted that coordinate-based MLPs benefit—in terms of pre-
serving high-frequency information—through the encoding of coordinate posi-
tions as an array of Fourier features. Hitherto, the rationale for the effectiveness
of these positional encodings has been mainly studied through a Fourier lens. In
this paper, we strive to broaden this understanding by showing that alternative
non-Fourier embedding functions can indeed be used for positional encoding.
Moreover, we show that their performance is entirely determined by a trade-off
between the stable rank of the embedded matrix and the distance preservation
between embedded coordinates. We further establish that the now ubiquitous
Fourier feature mapping of position is a special case that fulfills these condi-
tions. Consequently, we present a more general theory to analyze positional en-
coding in terms of shifted basis functions. In addition, we argue that employing a
more complex positional encoding—that scales exponentially with the number of
modes—requires only a linear (rather than deep) coordinate function to achieve
comparable performance. Counter-intuitively, we demonstrate that trading posi-
tional embedding complexity for network deepness is orders of magnitude faster
than current state-of-the-art; despite the additional embedding complexity. To this
end, we develop the necessary theoretical formulae and empirically verify that our
theoretical claims hold in practice.

Project page at https://osiriszjq.github.io/complex_encoding.
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1 Introduction

Positional encoding is an umbrella term used for representing the coordinates of a struc-
tured object as a finite-dimensional embedding. Such embeddings are fast becoming

critical instruments in modern language models [2, 6, 9, 15, 35, 37] and vision tasks
that involve encoding a signal (e.g., 2D image, 3D object, etc.) as weights of a neural
network [3, 8, 16, 18,19,22,23,38]. Of specific interest in this paper is the use of po-

sitional encodings when being used to enhance the performance of coordinate-MLPs.
Coordinate-MLPs are fully connected networks, trained to learn the structure of an ob-
ject as a continuous function, with coordinates as inputs. However, the major drawback
of training coordinate-MLPs with raw input coordinates is their sub-optimal perfor-
mance in learning high-frequency content [25].

As a remedy, recent studies empirically confirmed that projecting the coordinates to
a higher dimensional space using sine and cosine functions of different frequencies (i.e.,
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Fourier frequency mapping) allows coordinate-MLPs to learn high-frequency informa-
tion more effectively [19,38]. This observation was recently characterized theoretically
by Tancik et al. [34], showing that the above projection permits tuning the spectrum
of the neural tangent kernel (NTK) of the corresponding MLP, thereby enabling the
network to learn high-frequency information. Despite impressive empirical results, en-
coding position through Fourier frequency mapping entails some unenviable attributes.
First, prior research substantiates the belief that the performance of the Fourier feature
mapping is sensitive to the choice of frequencies. Leading methods for frequency selec-
tion, however, employ a stochastic strategy (i.e., random sampling) which can become
volatile as one attempts to keep to a minimum the number of sampled frequencies. Sec-
ond, viewing positional encoding solely through a Fourier lens obfuscates some of the
fundamental principles behind its effectiveness. These concerns have heightened the
need for an extended analysis of positional encoding.

This paper aims to overcome the aforesaid limitations by developing an alternative
and more comprehensive understanding of positional encoding. The foremost benefit
of our work is allowing non-Fourier embedding functions to be used in the positional
encoding. Specifically, we show that positional encoding can be accomplished via sys-
tematic sampling of shifted continuous basis functions, where the shifts are determined
by the coordinate positions. In comparison to the ambiguous frequency sampling in
Fourier feature mapping, we derive a more interpretable relationship between the sam-
pling density and the behavior of the embedding scheme. In particular, we discover that
the effectiveness of the proposed embedding scheme primarily relies on two factors:
(1) the approximate matrix rank of the embedded representation across positions, and
(i) the distance preservation between the embedded coordinates. Distance preservation
measures the extent to which the inner product between the shifted functions corre-
lates with the Euclidean distance between the corresponding coordinates. Intuitively, a
higher approximate matrix rank causes better memorization of the training data, while
the distance preservation correlates with generalization. Remarkably, we establish that
any given continuous function can be used for positional encoding—as performance is
simply determined by the trade-off between the aforementioned two factors. Further,
we assert that the effectiveness and shortcomings of Fourier feature mapping can also
be analyzed in the context of this newly developed framework. We also propose a com-
plex positional encoding to relax the expressibility of the coordinate network into a
single linear layer, which largely speedups the instance-based optimization. An essen-
tial idea here is the separation of the coordinates. For a simple 1D signal, the input is
only embedded in one direction. As for 2D natural images and 3D video sequences,
the coordinates are still separable, which enables us to use the Kronecker product to
gather input embedding in every single direction. With signals that have non-separable
coordinates, we add a blending matrix to linearly interpolate to get the final embedding.
In summary, the contribution of this paper is four-fold:

— We expand the current understanding of positional encoding and show that it can be
formulated as a systematic sampling scheme of shifted continuous basis functions.
Compared to the popular Fourier frequency mapping, our formulation is more in-
terpretative in nature and less restrictive.

— We develop theoretical formulae to show that the performance of the encoding is
governed by the approximate rank of the embedding matrix (sampled at different
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positions) and the distance preservation between the embedded coordinates. We
further solidify this new insight using empirical evaluations.

— As a practical example, we employ a Gaussian signal as the embedding function
and show that it can deliver on-par performance with the Fourier frequency map-
ping. Most importantly, we demonstrate that the Gaussian embedding is more effi-
cient in terms of the embedding dimension while being less volatile.

— We show that trading a complex positional encoding for a deep network allows us
to encode high-frequency features with a substantial speedup by circumventing the
heavy computation for a simple positional encoding combined with a deep neural
network. Promising empirical reconstruction performance is obtained on 1D, 2D,
and 3D signals using our proposed embedding function in conjunction with coor-
dinate networks.
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Fig. 1: Overview of the proposed positional encoding scheme. Positions are encoded as
equidistant samples from shifted basis functions (embedders). The shifts are determined
by the corresponding coordinate positions we are wanting to embed. In (a) and (b),
x1 and x, are encoded as samples from shifted Gaussians with a higher and a lower
standard deviation, respectively. Note that we need a higher number of samples for (b)
due to higher bandwidth (see Section 3). In (c) and (d), z; and z» are encoded with
sinusoidal signals with a different frequencies. Note that although different sampling
rates are employed for (c) and (d), the same two values are repeated across the samples.
Hence, sampling more than twice is redundant.

2 Related works

Positional encoding became a popular topic among the machine learning community
after the seminal work on Transformers by Vaswani et al. [35] Since the attention
mechanism used in the Transformers is position-insensitive, they employed a sinusoidal
signal to encode the positions before feeding them to the higher blocks. A contempo-
rary work by Gehring et al. [9] also proposed a convolutional seq2seq model, adapting
a positional encoding mechanism. Since then, using positional encoding in language
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models became a common trend [5, 10, 13,24, 30]. Notably, Wang et al. [36] extended
the embedding space from real numbers to complex values. Another critical aspect of
their work is replacing the pre-defined encoding mechanism with a learnable one. There
have also been other exciting attempts to improve positional encoding, such as extend-
ing the sequential positional encoding to tree-based positional encoding [31], untying
the correlations between words and positions while embedding coordinates [12], and
modeling positional encoding using dynamical systems [17].

In parallel, positional encoding is also gaining attention in computer vision, specif-
ically with coordinate-MLPs. Coordinate-MLPs provide an efficient method to encode
objects such as images [20, 33] and 3D scenes [21,29,32] as their weights. Remark-
ably, Mildenhall et al. [19] and Zhong et al. [38] found that encoding coordinates with
sinusoidal signals allow coordinate-MLPs to learn high frequency content better. One
of the earliest roots of this approach can perhaps be traced to the work by Rahimi
and Recht [26], where they used random Fourier features to approximate an arbitrary
stationary kernel function by applying Bochner’s theorem. More recently, Tancik et
al. [34], leveraging the NTK theory [1,4,7, 11, 14], recently added theoretical rigor to
this particular practice by showing that such embeddings enable tuning the spectrum of
the NTK of the corresponding MLP. In contrast, the goal of this paper is to show that
one does not have to be limited to the Fourier embedding for positional encoding. We
demonstrate that alternative functions can be used for positional encoding while gaining
similar or better performance compared to Fourier embedding.

3 Positional encoding: a theoretical walk-through

This section contains an exposition of the machinery and fundamentals necessary to
understand the proposed framework. We begin our analysis by considering a simple
linear learner since rigorous characterization of a linear learner is convenient compared
to a non-linear model. Therefore, we study a linear learner and empirically show that
the gathered insights are extendable to the non-linear models.

First, we show that the capacity to memorize a given set of training data entirely
depends on the (approximate) rank of the embedding matrix. Next, we establish that
for generalization, the rank should be upper-bounded against the number of coordi-
nates, i.e., the embedding function should be bandlimited !, We incur a crucial insight
here that positional encoding essentially portrays a trade-off between memorization and
generalization. Afterward, we discuss the importance of distance preservation between
embedded coordinates and its relationship to bandlimited embedding functions. Finally,
we consider several possible embedder functions and analyze their behavior using the
developed tools.

3.1 Rank of the embedded representation

Let x=[z1, 22, -, zn]T be a vector of 1D coordinates, in which z;€[0, C]. And let
y=[y1,¥2, -+, yn]T be the corresponding outputs of a function f:R—R. Our goal is to
find a d dimensional embedding U:R—R? for these positions, so that a linear model
can be employed to learn the mapping f as,

! We assume that in regression, the smoothness of a model is implicitly related to generalization.
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wiw(x) + b=~ f(-), ey

where weR? and bER are the learnable weights and the bias, respectively. Then, it is
straightforward to show that for the perfect reconstruction of any given y using Eq. (1),
the following condition should be satisfied:

Rank {[¥(z1) ¥ (z3) ... ¥(zn)]} = N . )

Thus, we establish the following Proposition:

Proposition 1 Consider a set of coordinates x=|x1, 1, -, xn|, corresponding out-
puts y=[y1,Y2, - yn|T, and a d dimensional embedding ¥:R—R?. Under perfect
convergence, the sufficient condition for a linear model for perfectly memorizing the
mapping between x and'y is for X=[¥(x1),¥(x3),...,¥(zn)]|T to have full rank.

3.2 Bandlimited embedders

One possible way of enforcing the condition in Eq. (2) is to define an embedding scheme
where the rank of the embedded matrix strictly monotonically increases with N (for a
sufficiently large d). As depicted in Section 3.1, this would ensure that the model can
memorize the training data and therefore perfectly reconstruct y. However, memoriza-
tion alone does not yield a good model. On the contrary, we also need our model to be
generalizable to unseen coordinates.

To this end, let us define elements of ¥(-) as sampled values from a function
:R%2—R such that for a given z,

!Z/(;L') = [¢(07$)’¢(87$)7--~71/J((d— 1)s>$)]T ) 3

where s=Cd ™! is the sampling interval. We shall refer to ¢(-) as the embedder. As
discussed above, for better generalization, we need,

B
b(t,x) =Y aBu(t) )
b=0

where «, and §,(t) are weights and shifted basis functions, respectively, that can ap-
proximately estimate (¢, x) at any arbitrary position . We refer to such embedders
as bandlimited embedders with a bandwidth B. This is equivalent to saying that the
embedding matrix has a bounded rank, i.e., the rank cannot increase arbitrarily with N.
The intuition here is that if B is too small, the model will demonstrate poor memoriza-
tion and overly smooth generalization. On the other hand, if B is extremely high, the
model is capable of perfect memorization but poor generalization. Therefore we con-
clude that for ideal performance, the embedder should be chosen carefully, such that it
is both bandlimited and has a sufficient rank. As we shall discuss the bandwidth B can
also act as a guide for the minimal value of d.

3.3 Distance preservation

Intuitively, the embedded coordinates should preserve the distance between the original
coordinates, irrespective of the absolute position. The embedded distance (or similar-
ity) D(+, ) between two coordinates (x1,22) can be measured via the inner product

D(z1,22)= fol W(t, x1)1(t, x2)dt. For ideal distance preservation we need,
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lz1 — z2]| & D(z1,x2) . &)

Interestingly, this property is also implicitly related to the limited bandwidth re-
quirement. Note that in practice, we employ sampled embedders to construct ¥ as
shown in Eq. (3). Hence, the dot product between the sampled (¢, z1) and (¢, x2)
should be able to approximate D as,

d—1

C
D(era) = [ wlto)iltaadit = 3 (s dals-dos),  ©
0

d=0

which is possible, if and only if, ¢ is bandlimited. In that case, d=2B is sufficient where
B is the bandwidth of ) (by Nyquist sampling theory). In practice, we choose C=1.

Remark 1. The embedder should be bandlimited for better generalization (equivalently,
the rank of the embedded matrix should be upper-bounded). Further, the ideal embed-
der should essentially face a trade-off between memorization and generalization. Here,
memorization correlates with the rank of the embedded matrix, while generalization
relates to the distance preservation between the embedded coordinates.

4 Analysis of possible embedders

Although our derivations in Section 3 are generic, it is imperative to carefully choose
a specific form of (-, -), such that properties of candidate embedders can be conve-
niently analyzed. Hence, we define embedders in terms of shifted basis functions, i.e.,
¥ (t,x)=1v(t—x). Such a definition permits us to examine embedders in a unified man-
ner, as we shall see below.

Moreover, the rank of a matrix can be extremely noisy in practice. Typically, we
need to heuristically set an appropriate threshold to the singular values, leading to un-
stable calculations. Therefore, we use the stable rank [28] instead of the rank in all our

experiments. In particular, the stable rank is a more stable surrogate for the rank, and
A 2
Al
matrix norm. From here onwards, we will use the terms rank, approximate rank, and
stable rank interchangeably.

Impulse embedder. One simple way to satisfy the condition of Eq. (2) for an arbitrary
large N is to define ¢ (¢, )= (t—x), where d(+) is the impulse function. Note that using
an impulse embedder essentially converts the embedding matrix to a set of one-hot
encodings. With the impulse embedder, we can perfectly memorize a given set of data
points, as the embedded matrix has full rank. The obvious drawback, however, is that
the bandwidth of the impulse embedder is infinite, i.e., assuming a continuous domain,
d needs to reach infinity to learn outputs for all possible positions. Hence, the distance
preservation is hampered, and consequently, the learned model lacks generalization.
Rectangle embedder. As an approximation of impulse function (unit pulse), rect-
angular function rect(z)=1 when |z|<1 and rect(z)=0 when |z|>1. We can define
Y(x)=rect (£1), where d is the width of the impulse. Inmediately we know the stable
rank of rectangle embedder is min (V, 2), where N is the number of sampled coordi-
nates, the distance function D(z1, x2)=tri(x1—x2), where tri(-) is triangular function.
A physical way to understand rectangle embedder is nearest neighbour regression.

is defined as where A is the matrix, ||-||r is the Frobenius norm, and ||-||2 is the
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Triangle embedder. A better choice to approximate impulse function may be triangu-
lar function, which is defined as ¢ri(z)= max(1—|z|, 0). Thus the embedder is defined
as Y (x)=tri (8—;2). Here the factor 0.5 makes the width of the triangle to be d. The

stable rank of triangular embedder is min (N , %). When d is the same, triangle em-

bedder has a higher stable rank than rectangle embedder. The distance function of tri-
angular embedder is D (1, z2)=1 max (d—|z;—2|, 0)2. This distance function looks
really like Gaussian function, as illustrated in Fig. 3. A physical way to understand
triangle embedder is linear interpolation.

Sine embedder. Consider ¢ (¢, x)=sin(f(t—z)) for an arbitrary fixed function f. Since
sin(f(t—x))=sin(ft)cos(fx)—cos(ft)sin(fx), elements of any row of the embed-
ding matrix can be written as a linear combination of the corresponding sin(ft) and
cos(ft). Thus, the rank of the embedding matrix is upper-bounded at 2. Consequently,
the expressiveness of the encoding is limited, leading to poor memorization and overly
smooth generalization (interpolation) at unseen coordinates.

Square embedder. Let us denote a square wave with unit amplitude and period 27
as sgn(sin(t)), where sgn is the sign function. Then, define ¢ (¢, z)=sgn(sin(t—x)). It
is easy to deduce that the embedded distance D(x1, x2)=1—2||x1 —x2]|, V]| <1 which
implies perfect distance preservation. The drawback, however, is that the square wave
is not bandlimited. Thus, it cannot approximate the inner product [ (¢, z)v (¢, 2) us-
ing a finite set of samples as in Eq. (6). However, an interesting attribute of the square
wave is that it can be decomposed into a series of sine waves with odd-integer har-
monic frequencies as sgn(sin(t))=2 [sin(t)+ 3sin(3t)+ Lsin(5¢)+2sin(7t)+...]. In
other words, its highest energy (from a signal processing perspective) is contained in
a sinusoidal with the same frequency. Thus, the square wave can be almost approxi-
mated by a sinusoidal signal. In fact, the square wave and the sinusoidal demonstrate
similar properties in terms of the stable rank and the distance preservation (see Fig. 3).

Gaussian embedder. We define the Gaus- 20

sian embedder as (¢, x)=exp —%) . ," sz;
where ¢ is the standard deviation. The Gaus- 2 lll — %%Eg
sian embedder is also approximately ban- 2 / N_3
dlimited like the square embedder. However, & —/ —————————— —
the Gaussian embedder has a higher upper | = =" Theoretical

bound for the stable rank that can be con- ' Standard Deviation 107

trolled by o. More precisely, when the em-
bedding dimension is large enough, the stable
rank of the Gaugsmn embedding matrl.x and different number of samples. The dash
the embedded distance between coordinates . . . 1

. ; line is the theoretical stable rank
can be obtained analytically as shown below. 2Vmo

Fig.2: Stable rank of the Gaussian em-
bedder vs the standard deviation for

Proposition 2 Let the Gaussian embedder be denoted as (t,x)=exp (—%)
With a sufficient embedding dimension, the stable rank of the embedding matrix ob-
, ﬁ) where N is the number of em-

bedded coordinates. Under the same conditions, the embedded distance between two

tained using the Gaussian embedder is min (N

_ 2
coordinates x1 and xs is D(x1, x2)=exp (—%).
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Fig. 3: Quantitative (cc))mparison of (a) the stable rank and (b) the(: c)listance preservation
of different embedders and RFFs. As expected, the stable rank of the impulse embedder
strictly increases with the number of sampled points, causing poor distance preserva-
tion. The stable rank of the sine embedder is upper-bounded at 2. The stable ranks of
the square embedder and the sine embedder almost overlap. However, if the sample
numbers are extremely high (not shown in the figure), their stable ranks begin to devi-
ate. Similarly, the square embedder demonstrates perfect distance preservation, and the
sine embedder is a close competitor. In contrast, the Gaussian embedder and the RFF
showcase mid-range upper bounds for the stable rank and adequate distance preserva-
tion, advocating a much better trade-off between memorization and generalization.

Displacement

(see Fig. 2 for an experimental illustration). It is clear from Proposition 2 that as the
number of sampled positions goes up, the stable rank of the Gaussian embedding ma-
trix will linearly increase until it reaches its upper bound. Finally, Fig. 3 empirically
validates the theoretically discussed properties of different embedders.

4.1 Connection to the Random Fourier Features

The prominent way of employing Fourier frequency mapping is via Random Fourier
Features (RFF) mapping [34], where the frequencies are randomly sampled from a
Gaussian distribution with a certain standard deviation o. In this Section, we show that
RFF mapping can be analyzed through the lens of our theoretical framework discussed
thus far. To this end, we first establish the following proposition:

Proposition 3 Ler the RFF embedding be denoted as v(x)=[cos(2rbz), sin(27bx)],
where b are sampled from a Gaussian distribution. When the embedding dimension is
large enough, the stable rank of RFF will be min (N, \/ﬂo), where N is the numnber
of embedded coordinates. Under the same conditions, the embedded distance between
two coordinates x1 and x5 is D(x1, x9)= Zj cos 2mb; (z1—x2).

As shown in Fig. 4, the stable rank of RFF increases linearly with the number of
samples until it gets saturated at v/27o. This indicates a relationship between RFF and
Gaussian embedder. Let o, and o be the standard deviations of Gaussian embedder

and RFF. When their stable ranks are equal, ﬁ:\/ 2mo ¢ (from Proposition 2, 3).
1

This implies that when o0 =57 these two embedders are equivalent in terms of
the stable rank and distance preservation (see Fig. 4 when 04,=0.01 and o;=0.1).

A common observation with RFFs is that when o7 is too low, the reconstruction is
overly smooth and if o is too high, it gives noisy interpolation [34]. This observation
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Fig. 4: The stable rank (left column) and distance preservation (right column) of Gaus-
sian embedder (top row) and RFF (bottom row) across different standard deviations.
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Fig.5: Illustration of different methods to extend 1D encoding of length K to N-
dimensional case. Simple encoding is the widely used method currently, which is only
the concatenation of embeddings in each dimension to get a N K size encoding. We
propose an alternative embedding method: conduct mode-n product to get the N di-
mensional cube, which we define as the complex embedding.

directly correlates to our theory. In Fig. 4, as the standard deviation increases, the sta-
ble rank increases and distance preservation decreases. Similarly, When the standard
deviation is too low, the stable rank decreases while distance preservation increases.

5 Simplicity vs complexity in positional encoding

Thus far, we established that the positional encoding can achieved by sampling shifted
basis functions, and the well-known RFF-embedding can also be analyzed through
this lens. However, the analysis so far focused only on 1D coordinates. In this sec-
tion, we shall investigate how to extend these positional embedding schemes to high-
dimensional signals, e.g., images and 3D signals.
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5.1 2D simple encoding

Suppose () is a an arbitrary positional encoding function. We define simple posi-
tional encoding as the concatenation of the 1D encoding in each dimension: ¥ (z,y) =
[¥(x),1(y)]. Then, with a linear model we have,

I(z,y) m W W(z,y) = wiip(z) + wio(y). @)

The above formula can be written in the matrix form as,

I(1,1) ... I(N,1) wa(z1) ... wi(zN) wy (Y1) - wy (Y1)
: : ~ : : + : : . (8)

ILN) IV (wWib(@n) . whoten))  [wTwln) ... wholn)
A B

Clearly, A and B are rank 1 matrices. Therefore, a linear network can only reconstruct
a 2D image signal with at most rank 2. This drawback can be addressed in most prac-
tical cases using deeper non-linear MLPs, since the rank of the representations can be
increased with multiple layers.

5.2 2D complex encoding

As opposed to simple encoding, we propose an alternative method for positional en-
coding in higher dimensions using the Kronecker product. With this approach, we can
obtain a higher rank for the positional embedding matrix. For example, consider 2D
inputs. Then, we can obtain the complex encoding as ¥(x,y)=¥(x) ® ¥(y), where
¥ (x) and ¥ (y) are 1D encodings along each dimension. Also, the following relation-
ship holds:

Rank(¥(x) @ ¥(y)) = Rank(¥(x))Rank(¥(y)) . 9

However, the drawback is also obvious. The embedding dimension is squared, which
takes significantly more memory and computational cost. However, we propose an
elegant workaround for this problem given that the points are sampled on a regular
grid, i.e., when the coordinates are separable, using the following property of the Kro-
necker product,

vee(S)” ~ vee(W)" (#(x) © U(y)) = vee(Z(y) "W (x)",  (10)

where S; ;=I(z;,y;). For instance, suppose we have N2 number of 2D separable
points where the feature length is K for each dimension. The naive Kronecker prod-
uct leads to O(N? K?) computational complexity and O(N?K?) memory complexity.
Using Eq. (10), we reduce it dramatically to O(NK (N + K)) computational com-
plexity and O(2NK + K?) memory complexity. The key advantage of the complex
encoding mechanism is that although it leads to a larger encoding matrix, the ability to
achieve full rank allows us to use a single linear layer instead of an MLP, which reduces
the computational cost of the neural network substantially. In addition, this enables us
to obtain a closed-form solution instead of using stochastic gradient descent, leading to
dramatically faster optimization. More precisely, we need to solve,
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Fig. 6: Relationship between o and 5. (a) is an example positional encoding at zg, 21
and z. x-axis is along the feature dimension and y-axis is the encoding value. Here, we
want to express ¢ (x) as a linear combination of 1(xo) and ¥(z1). (b) is the relationship
between the interpolation weight ayy and the position ratio 8. Instead of simple linear
interpolation (dash line), the actual relation depends on the encoding function.

arg min [[vec(S) — (7 (x) ® ¥(y))" vec(W)]3, an

where the solution can be obtained analytically as,
W = (U(y)?(y)") " (y)S¥(x)" (¥ (x)¥(x)") " (12)
When the coordinates are not separable, we can still take advantage of Eq. (10) by
adding a sparse blending matrix B as,
vec(I(x,y))T ~ vec(W)T (¥ (x) @ ¥(y))B = vec(¥(y)"We(x))"'B. (13)
This procedure is equivalent to evaluating virtual points (sampled on a regular grid) and
interpolating to arbitrary coordinates using interpolation weights of B. The nature of

the interpolation depends on the basis function used for positional encoding. Suppose
xo and x1 are two grid points and zo<z<z;. We want ¢)(x)~ag)(zo)+ai9(x1). It

b Ived b
can be Soeddy argmin ||[¢(z) — [’(/J(Io) 1/)(1‘1)] a||§ , (14)

where a= [ag al]T. With the definition D(z) in Section 3.1, consider d=x;—xy,
which is the grid interval. Then, x=x¢+d, where 0<<1, and we have

1 [ DO -D@][ D(Bd)
= D2(0) = D2(d) {—D(d) D(O)] [D((l—md)} ' (13

Please refer to the supplementary material for more details.

«

5.3 High dimensional encoding

Both simple and complex encoding methods discussed in the previous sections can be
extended easily to arbitrarily high dimensions. Suppose x=[x1, 2, -, xp]T are the
coordinates of a D dimensional point, 1):R—R¥ is the 1D encoder and ¥ (P )(-) is the
D dimensional encoding function. Then, the simple encoding is
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Table 1: Performance of natural 2D image reconstruction without random sampling
(separable coordinates). ® are simple positional encodings. @ are complex positional
encodings with gradient descent. ® are complex positional encodings with closed-form
solution. We did not show the result for the complex encoding LinF, LogF and RFF,
since they are ill-conditioned (rank deficient) and unstable.

PSNR No. of params (memory) Time (s)
LinF 26.12 +3.99 329,475 (1.32M) 22.59
LogF 26.11 +4.04 329,475 (1.32M) 22.67
RFF [34] 26.58 +-4.18 329,475 (1.32M) 22.62
Tri 25.96 + 3.88 329,475 (1.32M) 22.98
Gau 26.17 £4.17 329,475 (1.32M) 23.12
e LinF 19.73 £ 2.49 196, 608 (0.79M) 1.93
® LogF 23.55 +2.99 196, 608 (0.79M) 1.85
o RFF [34] 24.34 +3.24 196, 608 (0.79M) 1.55
o Tri 26.65 + 3.57 196,608 (0.79M) 1.48
e Gau 26.69 +3.74 196,608 (0.79M) 2.01
o Tri 26.36 4 3.39 196, 608 (0.79M) 0.03
e Gau 26.69 + 3.76 196, 608 (0.79M) 0.18
D T
) (x) = [(1), ¥ (@2), -, (ap)]" . (16)

Similarly, the complex encoding can be obtained via the Kronecker product between
each encoding as,

U (x) = vee([9(w1) X2 (x2) X3 - P(a3) -+ X p P(ap)]) - (7

Then, we can again extend the workaround we used in Eq. 10 to multiple dimensions
as,

vec(W) TP (x) = W 19h(a1) X2t (w2)- - - X ptb(2p) - (18)

Fig. 5 graphically illustrates the simple and complex positional encoding schemes.

6 Experiments

In this Section, we empirically confirm the advantages of using the proposed embedding
procedure and verify that the theoretically predicted properties in the previous sections
hold in practice. To this end, five encoding methods are compared: linearly sampled
frequency (LinF), log-linearly sampled frequency (LogF), RFF, shifted Gaussian (Gau),
and shifted triangle encoder (Tri).

6.1 1D: Rank of input & depth of Network

In this experiment, we randomly sample 16 columns and 16 rows from 512x512 nat-
ural images from the image dataset in [34]. And we used 256 equally spaced points
for training and the rest 256 points for testing. The encoding length is set to be 256,
the same as the number of training points. Parameters were chosen carefully for each
encoder to show the relationship of the encoding rank and the depth of the network.
The depth of the network changes from 0 (linear layer) to 2 with a fixed width of
256. From Fig. 4, we already know that the rank of the encoding matrix drops when
o of Gau increases or ¢ of RFF decreases. The result in Fig. 7 shows that when
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Table 2: Performance of 2D image reconstruction with randomly sampled inputs (non-
separable coordinates). ® are simple positional encodings. ® are complex positional en-
codings with stochastic gradient descent using smart indexing. The time of LinF and
LogF is longer since we don’t have the closed-form blending matrix.

PSNR No. of params (memory) Time (s)
LinF 24.58 £ 3.74 329,475 (1.32M) 21.97
LogF 24.76 £ 3.82 329,475 (1.32M) 22.13
RFF [34] 24.90 £+ 3.78 329,475 (1.32M) 22.28
Tri 24.24 £ 3.56 329,475 (1.32M) 22.50
Gau 24.63 £ 3.70 329,475 (1.32M) 22.86
e LinF 19.64 4+ 2.04 196,608 (0.79M) 11.51
o LogF 22.35 £2.82 196, 608 (0.79M) 11.52
e RFF [34] 20.54 £ 2.61 196, 608 (0.79M) 3.08
o Tri 23.21 £ 3.58 196, 608 (0.79M) 1.90
o Gau 23.97+3.44 196, 608 (0.79M) 2.51

the rank is high, a linear network (0 depth) also works well. When the rank drops
(e.g., when the o of Gau changes from 0.003 to 0.01 to 0.07), the performance of a
single linear layer also drops. Adding one layer to the linear network makes up for
the performance drop while adding more layers does not help a lot. In conclusion,
as the rank drops, a deeper network is
needed for better performance.

6.2 2D: image reconstruction
For this experiment, we used the image

dataset in [34], which contains 32 natu-
ral images of size 512x512. For simple —— Gau:0.003
encoding, we used a 4 layer MLP with 15 ====—RFR:2—==--—Gau:0.01
hidden units of 256 widths, and for com- — K o Gt
plex encoding, we only used a single lin-
ear layer. The results discussed below are
the average metrics for 16 images where Fig.7: The performance of the reconstruc-
the networks are trained for 2000 epochs. tion depends on the deepness of the network
Separable coordinates. 256x256 grid and the rank of the input embedding.
points were evenly sampled for training

and the rest were used for testing. As shown in Table 1, complex encoding is around
20 times faster compared to simple encoding. In fact, although both the encodings were
trained for 2000 epochs, we observed that complex encodings achieved good perfor-
mance in a significantly lower number of epochs. Complex encoding can also be solved
in closed-form without training, which is orders of magnitude faster than simple encod-
ing and maintains a good performance. Frequency encodings (LinF, LogF, RFF) did not
perform well with complex encoding since they were rank deficient. Although complex
frequency encodings did not perform as well as complex shifted encoding when com-
bined with a single linear layer, they still outperformed simple encodings followed by a
single linear layer.

Non-separable coordinates. For non-separable coordinates, the training points were
randomly sampled 25% of the 512x 512 natural images. Complex encoding contains a

_____
T e

1 2
Network Depth
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Table 3: Performance of video reconstruction without random sampling (separable co-
ordinates). ® are simple positional encodings. ® are complex positional encodings with
gradient descent; @ are complex positional encodings with closed-form solution.

PSNR No. of params (memory) Time (s)
LinF 21.49 + 3.29 1,445,891 (5.78 M) 77.06
LogF 21.46 + 3.09 1,445,891 (5.78 M) 77.86
RFF [34] 21.06 + 3.26 1,445,891 (5.78 M) 77.86
Tri 20.86 + 3.09 1,445,891 (5.78 M) 78.91
Gau 21.21 + 3.26 1,445,891 (5.78 M) 79.09
e LinF 9.76 + 3.95 786,432 (3.15M) 0.69
e LogF 9.98 +3.84 786,432 (3.15M) 0.68
o RFF [34] 20.33 + 3.06 786,432 (3.15M) 0.69
o Tri 22.24 + 2.89 786,432 (3.15M) 0.68
e Gau 22.11 £ 3.14 786,432 (3.156M) 0.66
e RFF [34] 18.05 + 2.36 786,432 (3.156M) 0.01
o Tri 22.04 +2.95 786,432 (3.156M) 0.009
e Gau 21.83 £3.33 786,432 (3.15M) 0.008

blending matrix representing virtual separable coordinates, which can be pre-computed.
As illustrated in Table 2, the performance of complex encodings was comparably well
and converged faster than the simple encodings.

6.3 3D: video reconstruction

As dimensionality of data increases, the faster convergence of the complex encoding
becomes more notable. We use the Youtube video [27] for our experiments. In our
experiments, we extracted 256 frames from 5 different videos and rescaled each frame
to 256x256. Then, a central 128 x128x128 cube was cropped to create our dataset,
since some videos contain borders. For simple encoding, a 5 layer MLP with 512-
width was used, while for complex encoding, only a single linear layer was used. We
trained the networks for 500 epochs. The training points were regularly sampled from a
64x64x64 grid and the rest of the points were used for testing. The results are shown
in Table 3.

7 Conclusion

In this paper, we show that the performance of a positional encoding scheme is mainly
governed by the stable rank of the embedding matrix and the distance preservation be-
tween the embedded coordinates. In light of this discovery, we propose a novel frame-
work that can incorporate arbitrary continuous signals as potential embedders, under
certain constraints. We also propose a positional encoding scheme that enables dramat-
ically faster convergence, allowing a single linear network to encode signals with high
fidelity.
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