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Abstract. Plane adjustment (PA) is crucial for many 3D applications,
involving simultaneous pose estimation and plane recovery. Despite re-
cent advancements, it remains a challenging problem in the realm of
multi-view point cloud registration. Current state-of-the-art methods
can achieve globally optimal convergence only with good initialization.
Furthermore, their high time complexity renders them impractical for
large-scale problems. To address these challenges, we first exploit a novel
optimization strategy termed Bi-Convex Relaxation, which decouples
the original problem into two simpler sub-problems, reformulates each
sub-problem using a convex relaxation technique, and alternately solves
each one until the original problem converges. Building on this strat-
egy, we propose two algorithmic variants for solving the plane adjust-
ment problem, namely GlobalPointer and GlobalPointer++, based on
point-to-plane and plane-to-plane errors, respectively. Extensive experi-
ments on both synthetic and real datasets demonstrate that our method
can perform large-scale plane adjustment with linear time complexity,
larger convergence region, and robustness to poor initialization, while
achieving similar accuracy as prior methods. The code is available at
github.com/wu-cvgl/GlobalPointer!

Keywords: Plane Adjustment - Semidefinite Programming (SDP) - Con-
vex Relaxation

1 Introduction

With the widespread adoption of LiDAR technology in applications such as 3D
reconstruction and LiDAR SLAM |[18/24], tasks involving localization and scene
modeling have gained significant attention. As a fundamental building block,
there is an increasing demand for a more efficient, robust, and accurate multi-
frame point cloud registration algorithm for downstream tasks.
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Fig. 1: Visualization of plane adjustment problem and convergence process.
(a) The plane adjustment problem involves simultaneous pose estimation and plane
reconstruction based on the assigned plane labels of each LiDAR point. As illustrated,
the LiDAR poses and the 3D planes are tightly coupled with each other. (b) This
example demonstrates the convergence process of our method starting from random
initialization. Despite the poses and planes being randomly initialized, our approach
achieves a global minimum within a few optimization iterations. For visualization pur-
poses, points associated with the same plane are colored identically.

Although the two-frame point cloud registration problem has been
extensively studied in the computer vision community for decades, transition-
ing to multi-frame scenarios introduces new challenges. Specifically, the relative
poses obtained from pairwise point cloud registration often result in the well-
known pose drift problem . Many efforts, such as pose graph optimization [16]
and rotation averaging 7 have been made to address this challenge by intro-
ducing additional pose observations to average out pose errors. However, these
methods often yield sub-optimal and biased results due to the complex pose
noise models.

Inspired by the success of bundle adjustment , researchers have explored
its replication in multi-frame point cloud registration, leading to the recent de-
velopment of plane adjustment techniques . Similar to bundle adjustment,
plane adjustment simultaneously optimizes the camera poses and plane param-
eters (as the counterpart of 3D points in bundle adjustment) by minimizing
point-to-plane or plane-to-plane errors, as shown in Fig.

Prior state-of-the-art methods explore both nonlinear least square methods
and spectral-based methods to improve the performance
of plane adjustment. While existing works on plane adjustment have shown
promising results, these methods are limited to small-scale problems, and their
accuracy depends on the quality of initialization. Achieving both large-scale and
globally optimal plane adjustment remains challenging.

To address these challenges, we exploit a novel optimization strategy termed
Bi-Convex Relazxation for the large-scale plane adjustment problem. This strat-
egy decouples the original complex formulation into two sub-problems. Each
sub-problem is reformulated using convex relaxation techniques |1| and solved al-
ternately until the overall problem converges. The advantages of our method are
two-fold: 1) the convex sub-problem enlarges the convergence region, enhancing
robustness to poor initialization; and 2) decoupling the high-dimensional prob-
lem into multiple low-dimensional sub-problems avoids solving intractable large
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Semidefinite Programming (SDP) problem, enabling efficient optimization for
large-scale scenarios. Building upon this framework, we present two algorithmic
variants, namely GlobalPointer and GlobalPointer++, based on point-to-plane
and plane-to-plane errors, respectively. The former algorithm exhibits a larger
convergence region and better stability, while the latter demonstrates superior
efficiency. Although there is no theoretical globally optimal guarantee, exhaus-
tive empirical evaluations in both synthetic and real experiments demonstrate
that our method can provide an empirical globally optimal solution, as shown
in Fig. [IH

In summary, our contributions are as follows:

— We exploit a novel optimization strategy termed Bi-Convez Relaxation, which
combines the advantages of both alternating minimization [20] and convex
relaxation techniques [1];

— Building on this novel optimization strategy, we develop two algorithmic
variants for plane adjustment, namely GlobalPointer and GlobalPointer++,
which depend on point-to-plane and plane-to-plane errors, respectively;

— Extensive synthetic and real experimental evaluations demonstrate that our
method can perform large-scale plane adjustment with linear time complex-
ity and robustness to poor initialization, while achieving similar accuracy as
prior methods.

2 Related Work

Kaess et al. [12] exploiting plane-to-plane error to formulate the plane adjust-
ment problem as a nonlinear least squares problem, which they solved efficiently
using the Gauss-Newton optimization method. Hsiao et al. |11] extend this ap-
proach to a keyframe-based SLAM system. Zhou et al. |27] later demonstrate
that using point-to-plane error in the energy function formulation improves sta-
bility and efficiency over plane-to-plane error formulations. They utilize the ma-
trix factorization trick to solve the resulting nonlinear least squares problem,
avoiding the accumulation of a large number of point clouds. This method has
been widely adopted in plane-based SLAM systems |28|.

While these formulations are very efficient for small-scale problems (i.e., with
a small number of camera poses and planes), they struggle in large-scale prob-
lems due to the inherent time complexity. To address this issue, Ferrer et al. |7]
propose to use the minimum eigenvalue of the covariance matrix to obtain a
surrogate energy function. This approach avoids the explicit plane updates and
requires only eigenvalue decomposition at each iteration. Analytical gradients
are derived, and a first-order solver is used for solving this problem. To further
improve the convergence speed, they derive the analytical Hessian matrix, en-
abling more efficient optimization with a second-order solver [8|. Similarly, Liu
et al. derive a similar analytical Hessian matrix and further improve overall ef-
ficiency in [13}[14]. While methods based on eigenvalue decomposition can avoid
explicit plane parameter updates, constructing the Hessian matrix itself is time-
consuming, and performing eigenvalue decomposition at each iteration further
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increases the computational burden. Recently, Zhou [26] proposes a novel ap-
proach to exploit implicit constraints of eigenvalues to derive analytical Hessian
matrices and gradient vectors. However, direct implicit function differentiation
would potentially pose a numerical stability issue.

More recently, the convex relaxation technique has been increasingly em-
ployed to solve challenging non-convex optimization problems in computer vision
tasks [3}[5L/15/22]. Nevertheless, the efficiency of SDP, as a core computational
tool, is highly related to the size of the state matrix |21], making it intractable
for large-scale plane adjustment.

To address these challenges, we propose to hybridize two techniques, i.e.,
alternating minimization [20] and convex relaxation [1], to decouple the orig-
inal complex plane adjustment problem into two simpler sub-problems. This
technique, termed Bi-Convex Relazation, avoids solving high-dimensional SDP
problem, significantly reduces time complexity, and enlarges the convergence
region. Although there is no theoretical guarantee for the entire problem, our
empirical results indicate that our formulation can converge to a global mini-
mum.

3 Notations and Background

3.1 Notation

We use MATLAB notation to denote sub-matrix operations. Specifically, [a;b]
denotes the vertical concatenation of vectors of a and b, while [a", b '] denotes
the horizontal concatenation of the transpose vectors of a and b. The operator ®
denotes the Kronecker product, and x denotes the cross product of vectors. The
operator vec(.) denotes vertical vectorization. For the efficiency of the algorithm,
we use a unit quaternion parameterized rotation matrix in some tasks.

3.2 Point-to-Plane Error

Given the rotation matrix R € SO(3) and translation vector t € R3 | we can
transform each 3D point from local coordinates P! € R? to world coordinates
P9 € R? as P9 = RP! + t.

For each P9, the corresponding plane parameters n € R3 q € R? are de-
fined as the normal vector and an arbitrary point on the plane, respectively. To
simplify, we introduce an auxiliary scalar d = —n ' q. We then establish a point-
to-plane distance as a metric for measuring the registration error, illustrated in

Fig. ol as [[nT (P — q)||2 = [0 P¥ + d|-.

3.3 Plane-to-Plane Error

Similar to the point-to-plane error, we can define the plane-to-plane error. Since
LiDAR point clouds are typically dense, we can always find many LiDAR points
in a single frame that correspond to the same 3D plane. We can use plane
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Fig. 2: Visualization of different point cloud error definitions.

segmentation and fitting algorithms to obtain the parameters of these planes
nl and g}, in the local LIDAR coordinate system. Given the rotation matrix
R, translation vector t, normal vector n!, and an arbitrary point q’, we can
readily transform them to the world coordinate as n? = Rn! and q¢ = Rq' + t,
respectively. Given the corresponding global plane parameters n and q, we can
establish a plane-to-plane distance as a metric for measuring the registration
error, illustrated in Fig. as ||n9 — n||§ + [n9Tq — anHz = ||nY — n||§ +
2
ld — a3

3.4 Convex Relaxation

Quadratically Constrained Quadratic Program (QCQP), as a general but NP-
hard optimization problem, has various applications across computer vision and
machine learning [25]. It can be defined as:

min x' Cx
xeR” (1)
st. x'Ajx=b;, i=1,...,m,

where C,Aq,...,A,, € S and S" denotes the set of all real symmetric n x n
matrices.

The convex relaxation technique serves as a general tool to reformulate the
original QCQP problem into a new convex problem, allowing it to be solved
to a global minimum. Specifically, we first rewrite x ' Cx as trace(Cxx') and
subsequently replace xx' with a new symmetric positive semidefinite (PSD)
matrix X. This leads to a new Semidefinite Programming (SDP) problem:

min  trace(CX)
Xesn

st trace(A;X)=b;, i=1,...,m, (2)
X > 0.

The primary benefit of employing convex relaxation instead of directly solving
the original problem lies in the convex nature of the SDP formulation. Although
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relaxation is applied, researchers have found that strong duality properties still
hold for many problems [3}|6(9}|16,25]. This implies that solving the relaxed
problem is often equivalent to solving the original problem [1|. With any off-the-
shelf SDP solver |2], we can always find the global minimum within a polynomial
time.

4 Methodology

In this section, we first define the formal plane adjustment algorithm in Sec. .1}
Then, a new optimization strategy called Bi-Conver Relaxation will be estab-
lished in Sec. Building on this strategy, we propose the GlobalPointer algo-
rithm, based on the point-to-plane error, in Sec. In Sec. [£:4] we accelerate
the original algorithm with two closed-form solvers in GlobalPointer++ based
on the plane-to-plane error. We further incorporate some empirical insights and
intuitive remarks on our solvers in Sec.

4.1 Plane Adjustment (PA)

Let us consider m LiDAR frames and n reconstructed planes. For the it"(i €
{1,2,...,m}) LiDAR frame, we define its absolute pose in the global world
coordinates by a rotation matrix R; € SO(3) and a translation vector t; € R3.
For the j(j € {1,2,...,n}) reconstructed plane, we define n; as its normal
vector and q; as its origin point.

PA with Point-to-Plane Error. When utilizing the point-to-plane error in
Sec. [3-2] the plane adjustment problem with point-to-plane error can be defined
as:

m n T
n; n;
R*,t*,n*,q*} = arg min J} T, z‘,'Tj[ ﬂ}
{ q'} =arg > [dj @IT g

R,t,)nq

i=1 j=1
st. R; €80(3), |n;||l=1, (3)
B(i,j)= > (PiP}T),
keobs(i,5)
t=1,....m, j=1,...,n,

where obs(i,7) denotes the observation index set related to the j** reconstructed
plane and the i** LiDAR frame, T; = [R, t;; 0, 1] represents the transformation
matrix for LiDAR frame 4, and P} = [P%; 1] denotes homogeneous coordinates
of point Pz .

Remark. The matrix B(i, j) accumulates all relevant local points in advance,
avoiding time-consuming point cloud accumulation operations. Nonetheless, solv-
ing this problem is still hard due to the non-convex nature of both the objective
function and constraints, making it highly reliant on a good initialization.
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Fig. 3: Illustration of the proposed Bi-Convex Relaxation. Three blue circles
represent planel, plane2, and plane3. Two yellow circles denote the LiDAR posel and
LiDAR pose2. The connection edges denote the observation relationships. Fixing the
planes leads to pose-only optimization (left), while fixing the LiDAR poses in plane-
only optimization (right). Each sub-problem is then reformulated as SDP, which can be
solved with globally optimal guarantees. Using these techniques, the plane adjustment
algorithm alternately solves each sub-problem until the convergence of the original
problem.

PA with Plane-to-Plane Error. When utilizing the plane-to-plane error in
Sec. the plane adjustment problem with plane-to-plane error can be defined
as:

{R*,t*,n*,q }—arg mln ZZHH] Rnl*||2+|}nl*TRTt +dj — Z-sz

=1 j=1
st. R; €50(3), |yl =1,
i:17-~-,m’ j:l,...,n,

(4)
where the optimal local plane parameters [n i’;, dl*] is obtained by minimizing
the point-to-plane error for LiDAR points observed in the i*» LiDAR frame

associated with the j** reconstructed plane as:

nl1" nl.
(nldi) = arg iy || B6.5) 7). )
nldl, | di dy

Remark. As detailed in the subsequent section, the formulation akin to a
nonlinear least squares problem simplifies Eq. . However, this also comes
at a price. The direction of the normal vector for each local plane introduces
ambiguity. Failure to unify these directions can lead to divergence in the entire
optimization process.

4.2 Bi-Convex Relaxation

As shown above, whether based on point-to-plane or plane-to-plane error, di-
rect plane adjustment presents a non-convex optimization problem. Fortunately,
when either the planes or the poses are fixed, the remaining optimization problem
becomes a QCQP problem, which can be reformulated with convex relaxation
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Algorithm 1: GlobalPointer
Input : Random initialized LIDAR poses {R;,t; | i =1,...,m}, random
initialized plane parameters {n;j,q; | j = 1,...,n}, and labeled
LiDAR points {P | k € obs(i, 5)}.
Output: Optimized LiDAR poses and plane parameters {R",t*,n*,q"}.

1 while (not reach maz iteration) and (not satisfy stopping criteria) do
Find {X*} by solving the [Pose-Only SDP}

Rounding {X*} and recover LiDAR poses;

Find {Y*} by solving the [Plane-Only SDP}

Rounding {Y*} and recover plane parameters;
end

[=>INY NIV

and solved to the global minimum. Thus, we adopt an alternating minimiza-
tion approach to achieve convergence in the original plane adjustment. We term
this strategy, which combines alternating minimization and convex relaxation, as
Bi-Convex Relazation, shown in Fig. [3] Although the non-convex nature of the
original problem prevents Bi-Convex Relazation from guaranteeing global con-
vergence, extensive experiments demonstrate that this algorithm significantly
enlarges the convergence region and even provides empirical global optimality
guarantees under certain conditions. Additionally, fixing a subset of parameters
decouples the inter-dependence among the remaining parameters for optimiza-
tion (e.g. fixing pl, p2, p3 makes [1, {2 independent in Fig. [3). This allows for
parallel optimization of each plane or pose, avoiding high-dimensional SDP op-
timization and significantly reducing time complexity.

4.3 GlobalPointer

In this subsection, we will follow the Bi-Convex Relaxation technique to derive
the SDP formulation for each sub-problem based on point-to-plane error. The
algorithm is summarized in Alg. [I} For simplicity, we omit the derivation from
primal to QCQP and QCQP to SDP. For detailed derivation, please refer to the
supplementary material.

Pose-Only Optimization. After fixing the plane parameters, we can readily
convert the original plane adjustment problem in Eq. to a pose-only SDP as:

{X*} =arg m}én Z tTaC@(C(i)Xi)
st. C(i) = Z(bjb}) ® B(i,7),

X; =0, {redundant rotation constraints},

t=1,....m, j=1,...,n,

(Pose-Only SDP)
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Algorithm 2: GlobalPointer++
Input : Random initialized LIDAR poses {R;,t; | i =1,...,m}, random
initialized plane parameters {n;j,q; | j = 1,...,n}, and labeled
LiDAR points {P | k € obs(i, 5)}.
Output: Optimized LiDAR poses and plane parameters {R",t*,n*,q"}.
Find the optimal local plane parameters {n'*, d"*};
Global normal direction calibration by solving the |Rotation-On1y SDPt
while (not reach max iteration) and (not satisfy stopping criteria) do
Find LiDAR poses {R*,t"} by solving Eq. ;
Find plane parameters {n*,q"} by solving Eq. @;
end

DTN W N -

where the auxiliary vector b; € R* is defined as b; = [n;; —n] q;] and rank one
symmetric PSD matrix X; = vec(T;)vec(T;)" represents the i*" primal pose
variable. The redundant rotation constraints are defined as:

R/R; =13, RR] =13,
{redundant rotation constraints} : (Rie;) x (Riej) = (Riex),
V(L]’, k) € {(17 2; 3)7 (2a 3; 1)7 <3a 17 2)} .
(6)

Plane-Only Optimization. Similar to pose-only optimization, we can con-
duct plane-only optimization by fixing the pose parameters. This reformulates
the original plane adjustment problem in Eq. into a plane-only SDP as:

n
{Y*} =arg H%{ip z;trace(D(j)Yj)
j:

st. D(j) = ZTiB(i7j)TiT, (Plane-Only SDP)
i=1

Y; =0, |yl =1,

i=1,....m, j=1,...,n,

where the rank one symmetric PSD matrix Y; = bjb;r denotes the j** primal
plane variable.

4.4 GlobalPointer-+-

In this subsection, we introduce a new variant of the plane adjustment algo-
rithm, GlobalPointer++, which accelerates the original GlobalPointer method.
Similar to GlobalPointer, GlobalPointer++ decouples the original formulation
and alternately solves each sub-problem in closed form until convergence. Un-
like GlobalPointer, GlobalPointer++ relies on the plane-to-plane error defined
in Eq. for registration instead of the point-to-plane error. Although this for-
mulation can be solved in closed form, the ambiguity of the normal direction
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prevents practical usage, as discussed in Sec. In the following, we first ad-
dress the ambiguity issue by introducing global normal direction calibration and
then derive the closed-form solvers. The algorithm is summarized in Alg. 2]

Global Normal Direction Calibration. To resolve the ambiguity of the
normal direction, we reformulate the simultaneous rotation and normal direc-
tion search problem as a new SDP problem. Firstly, we rewrite the cross term
f2n;»rR¢an in Hnj R; nl*|| (Eq. (4))) using quaternion-based rotation repre-
sentation as qiT M,;q;0;;, where q; is the unit quaternion of rotation R;, M;; is
the corresponding auxiliary matrix, and 0;; = {+1, —1} represents the normal
direction sign. We then define a single column vector q; = [q;; qﬁ,l, o3 qi0in]
and the corresponding rank one symmetric PSD matrix Q; = q;q, . This can be
relaxed to a rotation-only SDP as:

m

{Q*} = arg m(%n ;trace(MiQi)

st. Qi=0, trace([Qiloo) =1, [Qiloo = [Qiljj
i=1,....m, j=1,...,n,
(Rotation-Only SDP)
where M, includes all M,; as

[Mi]()j = 05Mz]7 [M ]J() =0. 5M”, ] = ]., ey (7)

Remark. Following this calibration, all local plane normal directions are made
consistent. It is worth noting that this calibration can also be applied to two-
frame registration. Consequently, we employ this solver to sequentially initialize
the normal directions by incrementally registering point clouds, thereby reducing
computational time. Once the normal directions are corrected, we then apply the
following closed-form solvers to each sub-problem.

Pose-Only Closed-Form Solver. After fixing the plane parameters, we can

convert the original plane adjustment problem in Eq. to a pose-only closed-
form solver as:

m n
(R = argmin 303 my— Rands 2+ TR + d — a

i=1 j=1

m n
= argmitn Z qu i + ||nl*TRTt +d; — dl*
s i=1 j=1

st. ail=1, i=1,...,m,

where the auxiliary matrix M;; is defined as in [Rotation-Only SDP| The quater-
nion can be analytically determined as the eigenvector corresponding to the min-
imum eigenvalue. Subsequently, by substituting the quaternion into the second
term, the translation vector can be obtained in closed form using linear least
squares.
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Plane-Only Closed-Form Solver. Similar to the pose-only closed-form solver,
by fixing the plane parameters, we can convert the original plane adjustment
problem in Eq. to a plane-only closed-form solver as:

m n
{n*.d"} =argmin >3 ||n; - Rinfj|[; + [0 TR ¢, + d; — i3
’ i=1 j=1

(9)
st. nill=1, j=1,...,n

The optimal n; can be determined through eigen decomposition. Subse-
quently, the optimal d; can be analytically obtained by substituting the optimal

Ilj.

4.5 Performance Analysis

In this section, we provide some intuitive remarks on our solver. For more de-
tailed discussions, please refer to the supplementary material.

Remark 1. For general scenes, the proposed Bi-Conver Relaxation optimiza-
tion strategy consistently ensures convergence to a local minimum of the original
plane adjustment problem. Intuitively, the two sets of parameters are not mutu-
ally constrained by equalities or inequalities, making the overall problem more
stable and straightforward.

Remark 2. In the absence of outliers and noise, each SDP sub-problem (i.e.,
[Pose-Only SDP||Plane-Only SDP} and [Rotation-Only SDP)) converges to a global
minimum with zero duality gap. Moreover, even in the presence of low noise
levels, our algorithm maintains empirical global optimality.

Remark 3. Although our original problem is non-convex, experimental results
demonstrate that our algorithm achieves empirical global optimality. While this
global optimality is empirical, further analysis can be conducted through other
means, which is beyond the scope of this paper.

Remark 4. The overlap between planes and poses is a critical factor for our
algorithm. Problems with a larger overlap result in a more stable and efficient
optimization convergence process. From a practical perspective, a larger overlap
is preferred.

Remark 5. The time complexity of the proposed GlobalPointer is linear with
respect to the number of planes and poses. The time complexity of the proposed
GlobalPointer++ is linear when the number of planes and poses is small, and
quadratic when both are extremely large.

5 Experiments

5.1 Testing Setup

In our experiments, the proposed method is compared to the state-of-the-art
methods including BALM2 [13], EF [7], ESO-Full [26], ESO-BFGS (the first-
order version of |26]), PA-Full |27], and PA-Decoupled (the decoupled version
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Fig. 5: Accuracy comparisons on the synthetic dataset under varying point
cloud noise levels and pose initialization noise levels. The y axis represents the
total point-to-plane error eiotq; in the loglO scale.

of ) We implement our method in Matlab and run it on a laptop with an
i9-13900HX CPU and 32 GB RAM. The maximum number of iterations is set
to 200 for all second-order solvers, and the relative stop tolerance is set to 1074,
We use Yalmip as our solver’s interface and Mosek as the core SDP solver.

5.2 Synthetic Data

Testing Setup. We generate numerous virtual planes and virtual observation
poses. Each pose is set to be inside a box with a maximum size of 50 meters,
and each plane is set to be observed from any pose.

Runtime. We evaluate the runtime of GlobalPointer and GlobalPointer++. The
number of planes and poses increases gradually, using well-initialized parameters.
All statistics are computed over 50 independent trials. As illustrated in Fig.[d] the
runtime of GlobalPointer exhibits a linear growth trend with increasing numbers
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Fig. 6: Relative time complexity comparisons. The z axis represents the number
of planes and the y axis represents the number of poses. The color bar on the right side
of each subplot indicates the mapping relationship between the multiplier of runtime
growth and the colors.

of planes and poses, while GlobalPointer++ achieves a 5-10x speedup compared
to GlobalPointer. Interestingly, as the number of planes and poses reaches a
certain magnitude, the most time-consuming part in the GlobalPointer++ is
neither the eigen decomposition nor the linear least squares, but rather the data
preparation for each iteration. Due to the quadratic growth complexity of data
preparation time, the entire algorithm demonstrates quadratic time complexity
when the number of planes and poses is large.

Accuracy. We extensively compare our proposed algorithms with other meth-
ods in terms of accuracy under varying levels of point cloud noise and pose
initialization noise. We choose the total point-to-plane error, defined as e;oq; =
(n"(RP +1t) +d)?, as the evaluation metric. All statistics are computed over 50
independent trials. As shown in Fig. [5] GlobalPointer consistently converges to
the global optimum across all settings, while GlobalPointer++ is more sensitive
to point cloud noise. ESO performs poorly due to unstable numerical sta-
bility in Hessian matrix derivation. Other methods fail to converge to the global
minimum above a certain level of noise.

Time Complexity. We also evaluate the growth of time complexity for the
algorithms. Starting with 5 planes and 5 poses, we incrementally increase the
number of poses and planes. Time complexity is measured as the multiple of the
optimization time relative to the initial setting. We conduct 50 independent trials
and use the median time as the metric. Experimental results in Fig. [f] demon-
strate that our two algorithms exhibit similar time complexity. BALM2 ,
EF , and ESO-BFGS show less sensitivity to increasing numbers of planes.
However, ESO-Full and PA-Full exhibit time complexities approaching
cubic. PA-Decoupled , which also employs alternating minimization, demon-
strates time complexity similar to our method.
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Fig.7: Accuracy comparisons on the real dataset under varying pose ini-
tialization noise levels. The y axis represents the total point-to-plane error e;otq; in
the logl0 scale.

5.3 Real Data

Accuracy. For real datasets, we select sequences from the Hilti dataset [10] with
a higher number of indoor planes. Initially, we transform the local point clouds
of each frame into the global coordinate system using ground truth poses. Sub-
sequently, we employ plane segmentation and fitting algorithms to extract point
clouds [29] associated with the same plane, with a RANSAC fitting threshold of
0.01. The segmentation results can be found in the supplementary material. Fur-
thermore, to align with our hypothesis that each plane should be observed by as
many LiDAR frames as possible, we randomly divide all point cloud frames into
50 subsets and accumulate them into individual sub-cloud frames. All statistics
are computed over 50 independent trials. In Fig. [T} we compare the accuracy of
our algorithms with other methods. It is evident that our proposed GlobalPointer
and GlobalPointer++ consistently demonstrate global convergence performance
across all settings, while other methods require well-initialized values to converge
to the ground truth.

6 Conclusions

In this paper, we exploit a novel optimization strategy, Bi-Convex Relazation,
and apply it to solve the plane adjustment problem with two variants of errors,
resulting in the proposals of GlobalPointer and GlobalPointer++, respectively.
Extensive synthetic and real experiments demonstrate that our method enables
large-scale plane adjustment with linear time complexity, larger convergence re-
gion, and without relying on good initialization, while achieving similar accuracy
as prior methods.
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