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Abstract. Compressed sensing (CS) has emerged to overcome the in-
efficiency of Nyquist sampling. However, traditional optimization-based
reconstruction is slow and may not yield a high-quality image in practice.
Deep learning-based reconstruction has been a promising alternative
to optimization-based reconstruction, outperforming it in accuracy and
computation speed. Finding an efficient sampling method with deep
learning-based reconstruction, especially for Fourier CS remains a chal-
lenge. Existing joint optimization of sampling-reconstruction works (1)
optimize the sampling mask but yield suboptimal results because it is
not adaptive to each data point. Adaptive sampling (H2) has also dis-
advantages of difficult optimization and Pareto sub-optimality. Here,
we propose a novel adaptive selection of sampling-reconstruction (Hi.5)
framework that selects the best sampling mask and reconstruction net-
work for each input data. We provide theorems that our method has a
lower infimum of the true risk compared to H; and effectively solves the
Pareto sub-optimality problem in sampling-reconstruction by using sepa-
rate reconstruction networks for different sampling masks. To select the
best sampling mask, we propose to quantify the high-frequency Bayesian
uncertainty of the input, using a super-resolution space generation model.
Our method outperforms joint optimization of sampling-reconstruction
(H1) and adaptive sampling (#H2) by achieving significant improvements
on several Fourier CS problems.

Keywords: Fourier compressed sensing - Sampling-reconstruction - Adap-
tive selection - Bayesian uncertainty

1 Introduction

Compressed sensing (CS) has revolutionized the field of image acquisition, en-
abling the reconstruction of high-quality images from a reduced number of mea-
surements. This remarkable feat is achieved by exploiting the sparsity of natural
images (or medical images) in certain transform domains. The CS theory [6,/10]
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Fig.1: We propose the adaptive selection of sampling-reconstruction (Hi1.5, c). In
Fourier compressed sensing, there were two classes of methods for finding the optimal
sampling: joint optimization of sampling-reconstruction (#1, a) and adaptive sampling
(H2, b). H1 has low potential as its mask M is not adaptive to each data point. Ha
poses a challenge in optimizing the mask generator (m,) and then exhibits Pareto
suboptimality, where a single 6 is not optimal for multiple masks M € R(7wy). In
contrast, H1.5 is adaptive for input k (ey in c selects the best M- pair), avoids the
challenge of backpropagation to discrete space (red lines in a, b, ¢), and achieves
Pareto optimality by dedicating each network 6; exclusively to M;. ® denotes the
componentwise multiplication.

guarantees that an image can be accurately recovered from a non-adaptive random
sampling pattern, with much fewer samples than the Nyquist-Shannon sampling
theorem requires, if the image has a sparse representation in that domain. Before
the era of deep learning, CS used to refer to obtaining the final image through
l1-regularized reconstruction, i.e., solving Lasso |§|| Recently, reconstruction has
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Table 1: Adaptive selection of sampling-reconstruction (Hi.5) alleviates the drawbacks
of joint optimization of sampling-reconstruction (#:) and adaptive sampling (Hz).

Methods AQaptlve Ba?kprop to a Pz'Lreto
to input k continuous space optimal 6

Hy [2L[7.8,1131126131] X X )

Hy 3141221 128] 29 X k) X

Hi5 (ours)

often been performed using deep neural networks trained on the data. In this
paper, we focus on deep learning-based reconstructions.

Fourier compressed sensing (Fourier CS) refers to CS where the measurement
is in the discrete Fourier transform (DFT) of an image. As electromagnetic
waves are inherently wave-like, obtaining spatial information such as pixel values
directly is not feasible. Instead, spatial information is acquired through DFT.
Obtaining samples for every Fourier-transformed element can be costly. Unlike
the CS theory that suggests random sampling is sufficient, the sampling results
of Fourier CS, similar to the prior in natural images, concentrate a significant
amount of energy in the low-frequency (LF) components [18l27]. Despite deviating
from the random sampling principle of CS theory, Fourier CS achieves excellent
image quality in many domains by extensively sampling LF components; hence
it has been successfully applied to various electromagnetic imaging applications,
including magnetic resonance imaging (MRI) [18}/19] or radar [9|11].

However, finding an optimal sampling method that is both efficient and
effective remains a challenge in Fourier CS. One approach is the joint optimization
of sampling-reconstruction (denoted by H1) [27,8,13l2631], where the parameters
of both the sampling and reconstruction networks are jointly trained using the
dataset, as depicted in Fig. But this approach has two drawbacks, as described
in Tab. |1} Firstly, it is not adaptive to each data point, i.e., the optimized sampling
and the reconstruction parameter would not be the best pair for a specific input.
Moreover, the reconstruction network is usually trained by backpropagation.
To employ backpropagation, the parameters are expected to be defined within
continuous spaces. This makes training the sampling mask not trivial, as it is
defined in a discrete space. Most methods [2,7,(8,/13L[31] just perform discrete
optimization anyway using the straight-through estimator [5/31].

The other approach is adaptive sampling (denoted by Hz) |3141/201/25//28]129)34],
which aims to generate the best sampling mask for each data point (or each image)
based on the fact that a predetermined sampling mask may not be optimal for
every situation. Most adaptive sampling studies generate the optimal sampling
mask based on the information from the initially measured LF components of
each data point, which has the potential to achieve excellent results. Then, they
usually have a single reconstruction network that is responsible for many optimal
masks for all data points. Unfortunately, there are a couple of major issues in
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current adaptive sampling, as in Tab. [1} Similar to the joint optimization of
sampling-reconstruction models, optimizing the mask generator is challenging due
to the broad and discrete mask space, as depicted in Fig. [Ib} Secondly, the single
reconstruction network for diverse sampling masks may not be Pareto optimal,
which we called Pareto suboptimal reconstruction network. Note that a similar
issue can arise in the task of restoring various degradations (e.g., the performance
of a blind denoising network trained on multiple noise levels is usually lower than
that of an identical network trained only on the specific noise level used as the
actual input [32]).

In this paper, we propose a novel adaptive selection of the sampling-reconstruction
framework for Fourier CS that alleviates the drawbacks of joint optimization
of sampling-reconstruction and adaptive sampling. It is adaptive to each data
point, avoids backpropagation to discrete spaces, and its reconstruction network
is Pareto optimal. In the adaptive selection, we first sample LF components
quickly and then leverage a super-resolution (SR) space generation model, to
quantify the high-frequency (HF) Bayesian uncertainty. This approach ensures
that HF components, which contain crucial details, are sampled more effectively,
leading to improved reconstruction quality. The main contributions of our paper
are as follows:

— Proposing a novel adaptive selection of sampling-reconstruction framework for
Fourier CS that alleviates the drawbacks of joint optimization of sampling-
reconstruction and adaptive sampling with theoretical justification.

— Designing the adaptive selection to efficiently quantify HF Bayesian uncertainty
by leveraging an SR space generation model for determining sampling masks.

— Demonstrating that our adaptive selection improves performance in multiple
Fourier CS problems such as facial image restoration (up to 0.04 average gain
in SSIM) and multi-coil MR reconstruction (up to 0.004 average gain in SSIM).

2 Related Works

2.1 Fourier compressed sensing

Fourier CS can be defined as the following regression problem. Let us define
the dataset D = {(k%,I*)}, such that k', k? ..., kN € K C C¥ are fully-
sampled k-space data and I',12,... IV € T C RE are the corresponding images,
respectively. Let us define the mask space by M C {0,1}1*L whose element
is a diagonal binary matrix (indicating acquired (1) and unacquired (0) grid
points). Let h(k; M,0) : K x M x © — T be a reconstruction function of & for
a sampling mask M € M and a reconstruction network (e.g., U-Net [21] or
E2E-VarNet |24]) parameterized by 6 € ©. Then, this function s can be used as
a joint sampling-reconstruction model that optimizes both the sampling mask
M and the reconstruction network 6. Specifically, for the given dataset D, the
model is optimized to minimize the following empirical risk

N
EIRUC M, 0)] = 5 ST B M. 0),
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where [ is the loss function (e.g., I(I,1) =1 — SSIM(I, I)).

2.2 Joint optimization of sampling-reconstruction

One of the recent approaches to finding a good sampling mask is joint optimization
of sampling-reconstruction [2}7,/8{13}|26,31], which reconstructs the image with a
non-adaptive mask M € M. They are defined as follows:

Hy = {h(-;M,0)|M € M,0 € ). (1)

They jointly optimize M and 0 for a dataset; however, M is not adaptive to each
data point. Whether using a tailored M or not, the fundamental limitation of
H1 is that the sampling mask is not optimal for each data point. Moreover, they
exhibit highly varying results across different settings, as they require discrete
optimization [2.[7,8,/13,31] or virtual data [26], as shown in Fig.|lal and Tab.

2.3 Adaptive sampling

Some recent works [34,20}28] 28] [29] employ adaptive mask, using a mask
generator my : MoK — M, parameterized by ¢ € @, as shown in Fig. Here,
My € M denotes a mask that samples only LF components. Adaptive sampling
approaches minimize £[h] on

Ho = {h(-;7(-),0)|mg : MoK — M, 0 € ©,¢ € D}. (2)

Obviously, H1 C Ho. That is, Ho has the greatest potential but is hard to train
because of its complexity. Specifically, Ho faces two main issues: the difficulty of
the mask generator (my) optimization, and Pareto suboptimality of 8, due to the
fact that a single reconstruction network is responsible for multiple masks.

Previous studies on Hs have used reinforcement learning [3,/20,28] or back-
propagation |[3,4L28]|29] using straight-through estimator |5,31] to optimize mask
generator 7y, but this is a complicated problem because the action space M is too
broad and discrete. # is Pareto suboptimal in adaptive sampling studies since there
are multiple sampling masks M while only one 6 exists at inference time. Due to
these difficulties, most adaptive sampling studies in CS-MRI have been conducted
in a clinically less relevant simple setting of single-coil [3,/20}25L28L291|34]. There
was only one study conducted on realistic multi-coil setting [4], but the final
models of [4] turned out to be non-adaptive, which is an unintended consequence.

To avoid optimization in discrete space, [22| proposed adaptive sampling
using a conditional Generative Adversarial Network (cGAN). During sampling,
cGAN assesses the uncertainty of samples yet to be acquired. Subsequently, the
user selects a sample with the highest uncertainty for acquisition (i.e., greedy
algorithm). This process of quantifying and sampling is iteratively repeated.
While this method benefits from backpropagation occurring only in continuous
space (Tab. [1)) it still faces the challenge of a single reconstruction network, having
to perform reconstruction for all masks. Consequently, CS-MRI experiments were
conducted using a simple single-coil setup.
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2.4 Super-resolution space generation

Super-resolution (SR) space generation [16,/17] aims to create diverse high-
resolution (HR) images that can be downsampled to the same low-resolution
(LR) image (i.e., ¢p(Tur|ILr) & {d:1|I € Z}). For this purpose, a stochastic
approach is used rather than a deterministic one. Conditional normalizing flow-
based SR space generation methods [12}/15,23| explicitly obtain gy (Iur|ILRr)
using a diffeomorphic mapping fy : Z — Z and a simple base distribution g¢.

(e.g., standard Gaussian), as gy (Iur|ILr) = ¢-(fy (Iur; ILr))|det 6811;;/;{ (Inr; ILr)|.

Since fy is invertible, ¢. and f, ! can be used to directly sample Iyg from
gy (i€, z ~ g = f;l(z;ILR) ~ qy(-|ILr)). In this work, we trained and
exploited a recent robust flow-based SR space generation method [23], with tuned
hyperparameters [12] for stability, to generate HR images from the corresponding
LR image that is reconstructed from undersampled k-space data with mask Mj.

3 Proposed methods

In Sec. [2:2)and [2:3] we investigated the difficulty of optimizing the mask generator
7y, and Pareto optimal 6 (for all masks). This section proposes a novel scheme,
adaptive selection of sampling-reconstruction, which does not encounter these
problems. Using two Theorems [1| and [2] we explain our adaptive selection (H1.5)
is better than the joint optimization (#;) and the adaptive sampling (Hz).

3.1 Adaptive selection of sampling-reconstruction

Our adaptive selection model H; 5 is defined as follows:
J
His = Ze¢(-)jh(-;Mj,9j) €y MoK — {ej}}]:l,Mj S M,Qj € 0,vYj (3)
j=1

where e; is the j-th standard unit vector (i.e., one-hot vector). Each submodel
h(-; M;,0;) contains mask M; and reconstruction network 6; as a pair, which is
Pareto optimal. At inference time, each data selects an appropriate submodel
through the mask selector ey (-);, which takes input Myk. This scheme is similar
to a segmented regression problem that ensembles multiple submodels using
one-hot encoding.

Remark 1. If H; is a linear regression, then H; 5 is a segmented linear regression.

We propose the following Theorems [I] and 2] Theorem [I] shows that H; 5 is
better than H; due to its adaptivity, and Theorem [2] demonstrates that H; 5 is
superior to Ho because Ho has poor Pareto optimality.

Theorem 1 (Adaptive selection is better than non-adaptive). For a true
risk £, inf L[h] < inf L[A].
heHi.s h€H1
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Theorem 2 (Adaptive selection is Pareto optimal). For a true risk L,
|y (MoK)| < J = inf L[h] < inf L[]
heH1.5 heH,

Please see the supplementary material for the proofs. Theorem 2] requires an
assumption that optimizing 7, is difficult (i.e., |ms(MoK)| < J), which is justified
in Section (e.g., The final model in [4] converged to |my(MoK)| — 1, which
means non-adaptive). Theorems |1| and [2f suggest that the proposed adaptive
selection scheme (H; 5) may outperform both non-adaptive methods (#H;) and
adaptive sampling (Hz). In Section we describe the implementation of the
scheme using the HF Bayesian uncertainty quantified by an SR space generation
method [23].

3.2 How to and what to adaptively select?

(How to) proposed mask selector ey: The sample variance of a generative
model to produce diverse samples can be utilized to quantify uncertainty for
adaptive sampling [22]. Specifically in Fourier CS, inspired by the idea of initially
sampling LF components, we employ an SR space generation model [12,23] as a
HF uncertainty quantifier. -

The sample variance v(Mok) := (Varg, [k}])5_; is an estimator of the mean
square error in k-space domain, where S is the number of the SR samples and &/, is
the Fourier transform of the s-th sample. We make up the mask selector e, using
v(Myk). Specifically, at train time, we normalize v(Mok) so that u(v) := v/||v]|2
and then use the k-means++ clustering algorithm [1] to {u(v(Mok?))}¥, to
create centroids (¢;)7_;. At inference time, we select adaptive mask index j by
calculating the distance u(v(Mok)) and (¢;)7_;.

We also need to determine the number of the sampling-reconstruction pairs
J. Thinking of Remark [I} increasing J doesn’t always mean better average
performance; while increasing J can help in robustly handling outliers. This

trade-off can be organized as Remark [2}

Remark 2 (Trade-off with the number of segments J). As J increases, despite
more training resources, the average performance reaches a plateau at some point,
but it becomes more robust against outliers.

The choice of J depends on the user’s needs; we defaulted to J = 3. We delve
into and validate Remark 2 in Sec. Bl

(What to) constructed sampling-reconstruction pairs (M;, 0j);-’:1= One
might try to create M; from c; using just sorting, i.e.,

Mj = arg max || Me;]], (4)
M

based on the following proposition.

Proposition 1 (simplified version). With mild assumptions, the sorted sam-
ple variance s the PSNR-mazximizing mask.
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Fig. 2: Using the sample variance of SR space generation [12|23] results, we can quantify
HF Bayesian uncertainty (highlighted in magenta dotted box). Then, we can adaptively
select a sampling-reconstruction (M — 0) pair (highlighted in cyan dotted box). Here,
we illustrate how our adaptive selection of sampling-reconstruction (Algorithm [2) is
employed in CS-MRI. In (1)&(2) in the figure, MRI scanner scans LF k-space region and
adaptively selects mask (M, 6;+) pair using HF Bayesian uncertainty quantification.
(3)&(4) After additionally scanned masked k-space region from M;«, reconstructed
images are generated from masked k-space data using 6;«. See Algorithm [2| for details.

Corresponding
recon 6«

Algorithm 1 Training Algorithm 2 Inference

Input: Training set {k'}7 |, initial sampling mask My € Input: k-space input k, initial sam-
M, trained SR space generation model fy : T — Z, pling mask My € M, trained SR
the number of segments J, the number of SR generated space generation model f, : T — Z,
images S, the numbAer of total sampling points Nps, and the number of segments .J, masks
the empirical risk L. (MJ-)JJ=17 reconstruction network pa-

. T i
Output: Masks (M; )jzl, reconstruction parameters rameters (6; )}7:17 and the centroids

(9]-)]21, and centroids of uncertainty (cj)jJ=1 of uncertainty (Cj);],l
for i =1 to N do N
for s =1 to S do
Sample 2% ~ N(0, ?)
—1,s’ i
_1 itz s Mok ) v
(£, (2% Mok?) — m*)°?

Output: Reconstructed image I’
for s =1to S do
Sample z* ~ N (0, 02)

— s’
m £ 355_, £, (=5 Mok)

) ; ) — _1_$S —1(ys. _
u’ v /|lv"||2 > Normalized Var v )O<2_ 5—-1 ZS=1(f1/) (2% Mok)
J iy N m
)Y k- . J > k- —
(€5)j =1 « k-meanst+({u'}iey, J) means-+ u < v/||v||2 > Normalized Var

for j =1to J do
M < Mo + RejectionSampling(cj, Ny — Tr(Mo)) ,
Train 6; to minimize L[h(-; My, 0;)] I" + h(k; M, ej*) > Recon.

J* + argmin; [lu — cj|l2 > Selection
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However, this method is not the optimal approach for maximizing SSIM. In
general, it is known that introducing randomness to the mask is effective in
maximizing SSIM [27]. Therefore, we generate M, using rejection sampling
proportional to ¢;. Then, we train the dedicated 6; for the corresponding M;.
Figure [2| shows the overview of adaptive selection, clearly showing why the
proposed adaptive selection is adaptive. Algorithms [I] and [2] provide detailed
descriptions of the training and inference processes of our adaptive selection
method, respectively.

4 Experiments

We proposed the adaptive selection of sampling-reconstruction scheme in Sec.
to address the issues of H; and Hs. This section experimentally demonstrates
that the proposed method performs well in various settings of Fourier CS.

4.1 Fourier CS face reconstruction

We performed Fourier compressed sensing on the CelebA dataset [14], which
consists of 160 x 160 RGB human face images. Similar to LOUPE |2], the
reconstruction network used a U-Net [21] architecture, with 6 input channels and
3 output channels, because the input, zero-filling reconstruction, is complex.

Figure [3| shows a qualitative comparison of our method (H; 5) and other H,
Ho methods [2,/4,27] at the acceleration rate 16x with the metrics of SSIM and
PSNR. Our final reconstruction results are superior to those of other methods,
which supports Theorems [l and |2} In detail, our method adeptly selects sampling-
reconstruction pairs using HF Bayesian uncertainty. Looking at the first column
of Fig. 3] in the case of A, the presence of horizontal stripes in the background
results in a high uncertainty in the vertical direction, whereas in B, the elongated
blonde hair leads to a high uncertainty in the horizontal HF components. In
Fig. |4 which shows the sampling masks (with the selection) and the corresponding
reconstruction results of H; 5, our ey, selected My, which has a shape similar to
the uncertainty of A in the second column, obtained the highest SSIM for A. M,
emphasizes in red in the error map, indicating effective suppression of artifacts
caused by horizontal high-frequency components in the background, achieved by
sampling more in the vertical direction. Similarly, M3 in the third column, which
has a shape similar to the uncertainty of B, achieved the highest SSIM for B. M3
is highlighted in the error map, revealing reduced errors in the hair region of the
subject due to increased sampling in the horizontal direction.

4.2 Multi-coil CS-MRI reconstruction

We also performed Fourier compressed sensing on the fastMRI multi-coil brain
dataset [30]. We resized all slices to a size of 320 x 320. The number of coils
was 16. Most implementations of 1 and Ho methods were based on the official
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Fig. 3: Our adaptive selection of sampling-reconstruction (#1.5) shows the strongest
reconstruction performance (emphasized in red). Here, we show a qualitative comparison
of reconstruction and error map at acceleration rate 16x in the CelebA dataset . For
comparison, we also show the results of the variable density (VD) , LOUPE , and
policy-based adaptive sampling . SSIMs and PSNRs are included in the reconstructions
and the error maps, respectively.

fastMRI repositoryﬂ We experimented not only with 2D undersampling patterns,
as described in Sec. [p] but also with 1D line subsampling used in actual MRI.
For the latter, we modified the SR space generation model to achieve a 16x
SR only in the horizontal direction.

Figure |5| shows a qualitative comparison of our method (#;5) and other
H1, Ho methods at 4x 1D undersampling with the metrics of SSIM
and PSNR. Our final reconstructions outperform other methods, supporting
Theorems [I] and 2} In the right half of Fig. [l our ey selected (M, 6:), which
samples more of the low-frequency components, obtained the best reconstruction
result for A (second row). Besides, for input B (fourth row), (Ms, 03) generated
the best reconstruction result (highlighted in red). Since M3 samples the high-
frequency components more, it made the clearest imaging of the longitudinal

! https://github.com /facebookresearch /fastMRI
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centroid 1/3 centroid 2/3 centroid 3/3

ameled

Fig. 4: Our adaptive selection of sampling-reconstruction (#Hi.5) adaptively selects the
best sampling-reconstruction pair based on the HF uncertainty of the input, leading
to strong reconstruction performance. Here, we show a qualitative comparison of
reconstruction and error map obtained using the mask-reconstruction pairs ((M;, 6;)5-;)
generated from Algorithm (1| at acceleration rate 16x in the CelebA dataset and
at acceleration rate 4x in the fastMRI dataset . Our Algorithm [2| estimated the
uncertainty of each image as in Figs. [3]and [f] and then selected the appropriate mask
M; (with 0;) as emphasized in red. For all images in this case, the selected (M;,0;)
resulted in the best reconstruction outcomes. SSIMs and PSNRs are included in the
reconstructions and the error maps, respectively.

fissure, indicating the effectiveness of the proposed method (i.e., Algorithms
and .

In Tab. 2| we present the average SSIM of the proposed scheme in vari-
ous accelerations and datasets. For comparison, LOUPE and policy-based
method [4] are evaluated. Two non-adaptive methods, uniformly random mask
and sampling from VD , are also evaluated. For a 1D line sampling CS-MRI,
equispaced masks are additionally evaluated. As shown in Tab. 2] our adaptive
selection approach consistently achieves higher SSIM compared to other methods
in all scenarios. For example in CelebA dataset at acceleration rate 8 x, SSIM of
our method (10.9405 ) is about 0.04 higher than the best of H; ( 0.9073 ) and



12 S. Hong et al.

Ground truth  H;i: VD [27] Hi: LOUPE |2| Hs: Policy [4]  Hi.5 (ours)

‘/‘g‘, A {’W ‘ CEE] {d 923 {/‘\

Uncertainty of B

Fig.5: In a practical multi-coil CS-MRI 1D line sampling scenario, our adaptive
selection of sampling-reconstruction shows the highest SSIM (highlighted in red). Here,
we show a qualitative comparison of reconstruction and error map at acceleration rate
4% in the fastMRI dataset [30|. For comparison, we also show the results of the variable
density (VD) [27], LOUPE [2|, and policy-based adaptive sampling [4]. SSIMs and
PSNRs are included in the reconstructions and the error maps, respectively.

Ho (0.8501). In addition in a realistic setting, CS-MRI 1D at acceleration rate
8x, SSIM of our method (10.9407 ) is about 0.004 higher than the best of H;
(10.9367 ) and Ho (0.9240), which is a significant difference in MRI reconstruction
problem [33].

5 Discussion

Does the SR space generation model quantify the HF uncertainty
well? Since sample variance estimates MSE, evaluating SR space generation
can be done by sorting the sample variance, as in Proposition [I] After adaptive
sampling and zero-filling for reconstruction, PSNR can be used as a metric for
assessment. We qualitatively (in the supplementary material) and quantitatively
(in Tab. [3) compare the adaptive sampling results in MRI [30] at acceleration
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Table 2: Our adaptive selection of sampling-reconstruction (#1.5, Algorithms|1| and
shows the highestSSIM in Fourier CS in various settings (CelebA dataset [14] w/ 2D
sampling, fastMRI multi-coil dataset [30] w/ 1D, 2D sampling).

SSIM?t | CelebA | CS-MRI2D | CS-MRI 1D
Method '\ Accel.| 8x 16x 4x 8 4x 8
Random 0.8378  0.8684 0.9663 0.9506 0.9533  0.9255
5. VD7 0.9073  0.8734 0.9698 0.9578  0.9603  0.9367
' LOUPE [2| 0.8742 0.8673 0.9671 0.9525 0.9541 0.9218
Equispace (1D) - - - - 0.9603  0.9258
H, Policy [4] 0.8501  0.8394 0.9698 0.9572 0.9569 0.9240
H, 5 Adaptive 0.9405 0.8952 0.9704 0.9585 0.9624  0.9407
selection (ours)

Table 3: Quantitative comparison of PSNR and SSIM with zero-filling. ‘Sorted-Self’
achieved the highest PSNR, which supports our Proposition [} Thus, we can assert that
the SR space generation model effectively quantifies the HF uncertainty.

PSNR / SSIM |  Sorted-Self ~ Sorted-Another VD |27

4x 37.15 / 0.939  36.36 / 0.922  33.33 / 0.854
8% 34.79 / 0.910 34.24 / 0.894 32.16 / 0.834

rate 8. Table [3] presents the average PSNR and SSIM of the proposed methods
on the validation dataset. ‘Sorted-Self’ refers to the zero-filling reconstruction
results obtained when sorting its own HF Bayesian uncertainty to create a mask,
while ‘Sorted-Another’ randomly shuffles the masks among the data points. We
additionally generate a mask sampled from VD [27] for comparison. As a result,
the ‘Sorted-Self’ approach consistently achieves the highest PSNR and SSIM.
These results show that the SR space generation effectively quantifies HF Bayesian
uncertainty.

Effect of the number of segments J Here, we validate Remark 2] by conduct-
ing an ablation study using the dataset employed in our experiments. Figure [6]
shows the average of the lowest 5%, 10%, and 100% of SSIM values (SSTM.5",
5sTv, 5%y, and SSIM) for all J = 1,...,4 in the CS-MRI 8x experiments (2D and
1D). The fact that the increase in SSIM is less noticeable when transitioning from
J=2toJ =3orJ =4 compared to the transition from J = 1 to J = 2 supports
the first part of Remark [2] “As J increases, despite more training resources, the
average performance reaches a plateau at some point.” Additionally, the relatively
significant increase in §5V,g and §STM.5" when transitioning from J = 2 to
J =3 or from J = 3 to J = 4 supports the latter part of Remark [2| “As J
increases, it becomes more robust against outliers.” Therefore, users can choose
J considering this trade-off.
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Fig. 6: Trade-off with the number of segments J. The average of the lowest {5%, 10%,
100%} of SSIM values according to the number of segments J in CS-MRI (a) 2D 8x
and (b) 1D 8x experiment, respectively. All SSIM values were shown as margin with
respect to J = 1. SSIM reaches a plateau after J = 2, but SSTM, 53 and SSTM5," become
more higher in J = 2,3 or 4. These results support our Remark

Table 4: Comparison of rejection sampling and ‘kmeans-Sorted’.

SSIM in CS-MRI J=3 | 2D 4x | 2D 8x | 1D 4x | 1D 8x

Rejection sampling (ours) | 0.9704 | 0.9585 | 0.9624 | 0.9407
kmeans-Sorted 0.9612 | 0.9478 | 0.9493 | 0.9167

Other sampling methods We employed the rejection sampling to introduce
randomness to the mask [27]. To check the effectiveness of the rejection sampling,
we compare it with ‘kmeans-Sorted’ method (i.e., applying ‘Self-Sorted’ in Tab.
to the k-means centroids). In Tab. 4} SSIM in rejection sampling is much higher
than ‘kmeans-Sorted’ in MRI datasets, supporting the effectiveness of rejection
sampling.

For more discussions such as runtimes, see the supplementary material.

6 Conclusion

We have presented an adaptive selection of sampling-reconstruction H; 5 frame-
work for Fourier CS. Our method uses an SR space generation model to quantify
the high-frequency Bayesian uncertainty of each input; hence is adaptive compared
to the existing joint optimization of sampling-reconstruction () (Theorem [I]).
Since our method has a dedicated reconstruction network for each sampling
mask, unlike adaptive sampling (#3), our method does not suffer from the Pareto
suboptimality (Theorem . The proposed method improved SSIM in various
Fourier CS experiments, such as CS of facial images and CS-MRI in a practical
multi-coil setting.
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