
Fundamental Matrix Estimation Using Relative
Depths - Supplementary Material

Yaqing Ding1 , Václav Vávra1 , Snehal Bhayani2 , Qianliang Wu3 ,
Jian Yang3 , and Zuzana Kukelova1

1 Visual Recognition Group, Faculty of Electrical Engineering, Czech Technical
University in Prague, Prague, Czech Republic

2 Faculty of Information Technology and Electrical Engineering, Center for Machine
Vision and Signal Analysis, University of Oulu, Oulu, Finland

3 PCA Lab, Nanjing University of Science and Technology, Nanjing, China

Abstract. This supplementary material provides the following informa-
tion: Section 1 provides the proof of the rank deficiency of the matrix
B (cf . Eq.(10) in the main paper) and the fundamental matrix F. Sec-
tion 2 provides details on generating the constraints between the fun-
damental matrix and its corresponding translation for different variants
of the proposed solvers; in particular, we discuss i) the solver for differ-
ent and unknown focal lengths with known relative depths, ii) the solver
for different and unknown focal lengths where relative depths are com-
puted using local feature scales, the solver for equal and unknown focal
lengths with known relative depths, and iii) the solver for equal and un-
known focal lengths that is based on learned depth with unknown scale
factor. Section 3 provides additional results from synthetic experiments.
Section 4 provides more experimental results with real data.

1 Rank deficiency of the matrices B and F

To prove, let’s assume that four points mij , i = 1, . . . , 4; j = 1, 2, in both views
are not collinear, i.e., we do not have a degenerate configuration.

[T]×σimi2 − Fmi1 = 0, i = 1, . . . 4 (1)

Using the first 9 equations (i = 1, 2, 3), we have

[T]×[σ1m12, σ2m22, σ3m32] = F[m11,m21,m31]. (2)

Without loss of generality, we can assume that the points m11,m21,m31 are not
collinear. Thus we have

F = [T]×[σ1m12, σ2m22, σ3m32] · [m11,m21,m31]
−1, (3)

which means that the fundamental matrix F is already singular. Substituting (3)
into the last three equations (i = 4) in (1), we have

[T]×(σ4m42 − [σ1m12, σ2m22, σ3m32] · [m11,m21,m31]
−1m41) = 0. (4)

Note that [T]× is a skew-symmetric of rank-2, thus only two of the three equa-
tions in (4) are linearly independent. In general, only 11 of the 12 equations
from (1) are linearly independent.
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2 Constraints on the fundamental matrix and the
corresponding translation

To propose efficient minimal solvers, we have to derive new constraints that
relate elements of the fundamental matrix F and the translation vector T (T̃ for
the case of relative depths computed from feature scales or from learned non-
metric depths). I.e., we have to derive polynomials that contain only elements
of the fundamental matrix and the translation vector. To do this, we can use the
elimination ideal method [3,5]. Elimination ideals can be computed offline using
some algebraic geometry software such as Macaulay 2 [4].

2.1 Different and Unknown Focal Lengths with known relative
depths

In the case of unknown different focal lengths and known relative depths, we
start with the relation F = [T]×K2RK−1

1 , i.e., Eq. (17) in the main paper. We
first create an ideal J generated by these 9 polynomials [3]. Then, the unknown
elements of the rotation matrix R and the focal lengths f1, f2 are eliminated
from the generators of J by computing the generators of the elimination ideal
J1 = J∩C[f11, . . . , f33, Tx, Ty, Tz]. Here, fij are the entries of F. These generators
can be computed using the following Macaulay2 [4] code

R = QQ[f2,w1,f11,f12,f13,f21,f22,f23,f31,f32,f33,Tx,Ty,Tz,
r11,r12,r13,r21,r22,r23,r31,r32,r33];

K2 = matrix {{f2,0,0},{0,f2,0},{0,0,1}};
K1i = matrix {{w1,0,0},{0,w1,0},{0,0,1}};
Rot= matrix {{r11,r12,r13},{r21,r22,r23}, {r31,r32,r33}};
T = matrix {{0,-Tz,Ty},{Tz,0,-Tx},{-Ty,Tx,0}};
F = T*K2*Rot*K1i;
eq1 = f11 - F^{0}_{0};
eq2 = f12 - F^{0}_{1};
eq3 = f13 - F^{0}_{2};
eq4 = f21 - F^{1}_{0};
eq5 = f22 - F^{1}_{1};
eq6 = f23 - F^{1}_{2};
eq7 = f31 - F^{2}_{0};
eq8 = f32 - F^{2}_{1};
eq9 = f33 - F^{2}_{2};
E= matrix {{1_R,0,0},{0,1_R,0},{0,0,1_R}};
J = ideal(eq1,eq2,eq3,eq4,eq5,eq6,eq7,eq8,eq9)+

minors(1,transpose(Rot)*Rot-E)+minors(1,Rot*transpose(Rot)-E);
var = {f2,w1,r11,r12,r13,r21,r22,r23,r31,r32,r33};
J1 = eliminate(saturate(J,ideal(f2,w1)), var);
// J1 = eliminate(J, var); (faster version, that can result in
// different generators for some problems. For this problem,
// we have verified that it gives the same results)
mingens J1
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In this case, the elimination ideal J1 is generated by three quartic polynomials
of the following form

−f2
11f13f23 + f11f

2
13f21 − f11f21f

2
23 − f2

12f13f23 + . . .

+f12f
2
13f22 − f12f22f

2
23 + f13f

2
21f23 + f13f

2
22f23 + . . .

+f12f32TyTz + f11f31TyTz − f21f31TxTz − f22f32TxTz = 0.

(5)

−f11f13f21f33 + f11f13f23f31 − f12f13f22f33 + f12f13f23f32 + · · ·
+f21f

2
23f31 − f2

21f23f33 − f21f31T
2
y − f2

22f23f33 − f22f32T
2
x + · · ·

+f22f
2
23f32 − f21f31T

2
x − f22f32T

2
y − f2

31TyTz − f2
32TyTz = 0

(6)

−f2
11f13f33 + f11f

2
13f31 − f11f21f23f33 − f2

12f13f33 + · · ·
+f12f

2
13f32 − f12f22f23f33 + f13f21f23f31 + f13f22f23f32 + · · ·
+f21f31TxTy + f22f32TxTy − f11f31T

2
y − f12f32T

2
y = 0

(7)

These are our three new quartic polynomials that relate T and F. In the
main paper, we mentioned that only one of these three polynomials provides a
new algebraic constraint on the elements of T and F.

Here, we provide a simple proof. In the main paper, it was shown that F
is already singular, i.e., det(F) = 0. In addition, based on Eq.(11) in the main
paper, we have T⊤F = 0. The four equations are

Txf11 + Tyf21 + Tzf31 = 0,

Txf12 + Tyf22 + Tzf32 = 0,

Txf13 + Tyf23 + Tzf33 = 0,

f11f22f33 − f11f23f32 − f12f21f33 + f12f23f31 + f13f21f32 − f13f22f31 = 0,

(8)

Then it can be easily shown that (6) and (7) can be obtained as polynomial
combinations of equations (5) and (8). This can be, e.g ., for polynomial (6),
shown using the following Macaulay 2 code

R = QQ[f11,f12,f13,f21,f22,f23,f31,f32,f33,Tx,Ty,Tz,k];
eqs = {Eq(5), Eq(8), Eq(6)-k};
I = saturate(ideal(eqs), {Tx,Ty,Tz});
J = eliminate(I,{f11,f12,f13,f21,f22,f23,f31,f32,f33});
mingens J

This code returns k = 0, which means that (6) can be obtained as a polyno-
mial combination of (5) and (8), i.e., (6) does not add any additional algebraic
constraint on F and T.
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2.2 Different and unknown focal lengths using local feature scales

If scales of features are used to approximate relative depths, we need to derive
the relation between F and T̃ = f2

f1
T. In this case, F = f1

f2
[T̃]×K2RK−1

1 . Let
w2 = 1/f2, we have

F = [T̃]×diag(1, 1, w2)Rdiag(1, 1, f1) (9)

Let K2 = diag(1, 1, w2) and K1i = diag(1, 1, f1), The following Macaulay2 code
can be used to generate the constraints between F and T̃.

R = QQ[f2,w2,f11,f12,f13,f21,f22,f23,f31,f32,f33,Tx,Ty,Tz,
r11,r12,r13,r21,r22,r23,r31,r32,r33];

K2 = matrix {{1,0,0},{0,1,0},{0,0,w2}};
K1i = matrix {{1,0,0},{0,1,0},{0,0,f1}};
Rot= matrix {{r11,r12,r13},{r21,r22,r23}, {r31,r32,r33}};
T = matrix {{0,-Tz,Ty},{Tz,0,-Tx},{-Ty,Tx,0}};
F = T*K2*Rot*K1i;
eq1 = f11 - F^{0}_{0};
eq2 = f12 - F^{0}_{1};
eq3 = f13 - F^{0}_{2};
eq4 = f21 - F^{1}_{0};
eq5 = f22 - F^{1}_{1};
eq6 = f23 - F^{1}_{2};
eq7 = f31 - F^{2}_{0};
eq8 = f32 - F^{2}_{1};
eq9 = f33 - F^{2}_{2};
E= matrix {{1_R,0,0},{0,1_R,0},{0,0,1_R}};
J = ideal(eq1,eq2,eq3,eq4,eq5,eq6,eq7,eq8,eq9)+

minors(1,transpose(Rot)*Rot-E)+minors(1,Rot*transpose(Rot)-E);
var = {f1,w2,r11,r12,r13,r21,r22,r23,r31,r32,r33};
J1 = eliminate(saturate(J,ideal(f1,w2)), var);
mingens J1

In this case, the elimination ideal J1 is generated by three cubic polynomials of
the following form (we omit T⊤F = 0 and det(F) = 0)

f23f
2
31 + f23f

2
32 − f21f31f33 − f22f32f33 − f23T

2
x − f23T

2
y − f33TyTz = 0,

f13f
2
31 + f13f

2
32 − f11f31f33 − f12f32f33 + f23TxTy − f13T

2
y = 0,

f13f21f31 − f11f23f31 + f13f22f32 − f12f23f32 − f23TxTz + f13TyTz = 0.

(10)

2.3 Equal and unknown focal lengths using known relative depths

In this case, we have F = [T]×KRK−1 and f1 = f2 = f . Let w = 1/f , we have

F = [T]×diag(f, f, 1)Rdiag(w,w, 1). (11)

Let K2 = diag(f, f, 1) and K1i = diag(w,w, 1), The following Macaulay2 code
can be used to generate the constraints between F and T.
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R = QQ[f,w,f11,f12,f13,f21,f22,f23,f31,f32,f33,Tx,Ty,Tz,
r11,r12,r13,r21,r22,r23,r31,r32,r33];

K2 = matrix {{f,0,0},{0,f,0},{0,0,1}};
K1i = matrix {{w,0,0},{0,w,0},{0,0,1}};
Rot= matrix {{r11,r12,r13},{r21,r22,r23}, {r31,r32,r33}};
T = matrix {{0,-Tz,Ty},{Tz,0,-Tx},{-Ty,Tx,0}};
F = T*K2*Rot*K1i;
eq1 = f11 - F^{0}_{0};
eq2 = f12 - F^{0}_{1};
eq3 = f13 - F^{0}_{2};
eq4 = f21 - F^{1}_{0};
eq5 = f22 - F^{1}_{1};
eq6 = f23 - F^{1}_{2};
eq7 = f31 - F^{2}_{0};
eq8 = f32 - F^{2}_{1};
eq9 = f33 - F^{2}_{2};
eq10 = f*w-1;
E= matrix {{1_R,0,0},{0,1_R,0},{0,0,1_R}};
J = ideal(eq1,eq2,eq3,eq4,eq5,eq6,eq7,eq8,eq9)+

minors(1,transpose(Rot)*Rot-E)+minors(1,Rot*transpose(Rot)-E);
var = {f,w,r11,r12,r13,r21,r22,r23,r31,r32,r33};
J1 = eliminate(saturate(G1,ideal(f,w)), var);
mingens J1

In this case, the elimination ideal J1 is generated by 20 polynomials up to degree
4 (four of them are of the from T⊤F = 0 and det(F) = 0; these equation are
implicitly satisfied by our null space parameterization, cf . Sec. 3 in the main pa-
per). To solve this system, we can simply pick 6 polynomials from the remaining
16 polynomials, and perform Gauss-Jordan elimination of their corresponding
6× 10 coefficient matrix. Then the solutions are extracted from the eigenvectors
of a 4× 4 matrix created from this eliminated matrix.

2.4 Equal and unknown focal lengths using learned depth with
different metrics

As mentioned in the main paper, a 4p3d (4-points-3-depths) solver with different
unknown focal lengths can not be derived for the case with an unknown scale
factor k = k2

k1
, which appears e.g ., in situations where relative depths are ap-

proximated using non-metric learned depths. However, such a 4p3d solver can
be derived for equal unknown focal lengths.

In this case T̃ = k2

k1
T and we have F = k1

k2
[T̃]×KRK−1. Let w = 1/f,m =

k1/k2, we have

F = [T̃]×diag(mf,mf,m)Rdiag(w,w, 1). (12)

Let K2 = diag(mf,mf,m) and K1i = diag(w,w, 1), The following Macaulay2
code can be used to generate the constraints between F and T̃.
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R = QQ[f,w,k,f11,f12,f13,f21,f22,f23,f31,f32,f33,Tx,Ty,Tz,
r11,r12,r13,r21,r22,r23,r31,r32,r33];

K2 = matrix {{m*f,0,0},{0,m*f,0},{0,0,m}};
K1i = matrix {{w,0,0},{0,w,0},{0,0,1}};
Rot= matrix {{r11,r12,r13},{r21,r22,r23}, {r31,r32,r33}};
T = matrix {{0,-Tz,Ty},{Tz,0,-Tx},{-Ty,Tx,0}};
F = T*K2*Rot*K1i;
eq1 = f11 - F^{0}_{0};
eq2 = f12 - F^{0}_{1};
eq3 = f13 - F^{0}_{2};
eq4 = f21 - F^{1}_{0};
eq5 = f22 - F^{1}_{1};
eq6 = f23 - F^{1}_{2};
eq7 = f31 - F^{2}_{0};
eq8 = f32 - F^{2}_{1};
eq9 = f33 - F^{2}_{2};
eq10 = f*w-1;
E= matrix {{1_R,0,0},{0,1_R,0},{0,0,1_R}};
J = ideal(eq1,eq2,eq3,eq4,eq5,eq6,eq7,eq8,eq9)+

minors(1,transpose(Rot)*Rot-E)+minors(1,Rot*transpose(Rot)-E);
var = {f,w,k,r11,r12,r13,r21,r22,r23,r31,r32,r33};
J1 = eliminate(saturate(G1,ideal(f,w,m)), var);
mingens J1;

In this case, the elimination ideal J1 is generated by five polynomials out of
which four are of the form (8), i.e. T⊤F = 0 and det(F) = 0. The remaining
polynomial is a polynomial of deg

f11f
3
13f31 + f2

13f21f23f31 + f11f13f
2
23f31 + f2

13f22f23f32 − f21f23f
3
31 + · · ·

+f21f
3
23f31 + f12f

3
13f32 − f11f13f

3
31 + f12f13f

2
23f32 − f12f13f

2
31f32 + · · ·

+f22f
3
23f32 − f22f23f

3
32 − f11f13f31f

2
32 − f21f23f31f

2
32 − f12f13f

3
32 + · · ·

+f2
11f

2
31f33 − f22f23f

2
31f32 − f2

11f
2
13f33 − f2

12f
2
13f33 − f2

21f
2
23f33 + · · ·

+f2
21f

2
31f33 − 2f12f13f22f23f33 − 2f11f13f21f23f33 − f2

22f
2
23f33 + · · ·

+2f11f12f31f32f33 + 2f21f22f31f32f33 + f2
12f

2
32f33 + f2

22f
2
32f33 = 0.

(13)

3 Synthetic tests

In this section, we continue to study the performance of the proposed solvers, i.e.,
the 4p4d, 4p3d and 3p3d solvers w.r.t. the SOTA point-based solvers on synthetic
data. We excluded the SIFT-based solvers [1,2] since they are based on different
assumptions. It is nontrivial to generate synthetic data that satisfies both the
SIFT-based (local affine) assumption and our relative depth based assumption.
In these experiments, we use variants of our solvers for known relative depths.
The solvers for relative depths computed from feature scales or from non-metric
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learned depths perform similarly. The synthetic scenes are generated in the same
way as described in Sec. 5.1 in the main paper.

We study the solver stability in Fig. 1 w.r.t. the errors in rotation and trans-
lation estimates for the case of different focal lengths (a,b) and for the case
of equal focal lengths (c,d). In both cases, the proposed solvers have stability
comparable to or better than that of the SOTA point-based solvers, in terms
of estimated rotation and translation. However, note that all solvers are stable
with no larger errors or failures. This comes from the fact that all solvers are
very simple and solve just small linear systems and/or univariate polynomials of
small degree.

In the next experiment, we study the performance of the solvers in the pres-
ence of image pixel noise. The box plots for the rotation errors have been depicted
in the main paper and here in Fig. 2 (top) we provide the plots of the trans-
lation errors for the case of different focal lengths (a) and the translation and
focal length errors for the case of equal focal lengths (b,c). The errors in trans-
lation and focal length have a similar behavior to that of the errors in rotation.
Here, the proposed solvers also have better accuracy than the point-based SOTA
solvers.

We also study the performance of the proposed solvers in the presence of
noise in the relative depths (Fig. 2 (bottom)) and plot the translation errors
for the case of different focal lengths (d) and the errors in translation and focal
length estimates for the case of equal focal lengths (e,f). As discussed in Sec. 5.1
in the main paper, increasing noise in the relative depths leads to larger errors in
the poses returned by the proposed solvers. This is reflected in Fig. 2 (bottom)
where our solvers have comparable or better (in case of different focal lengths)
performance than the SOTA point-based solvers for 1% noise in relative depths.
For larger noise levels, our solvers return larger errors than the SOTA point-
based solvers. However, as shown next, our solvers perform at least comparable
to the point-based solvers under depth noise levels observed in the real world.

4 Real-world Experiments

In this section, we show results for real data for combinations of feature detec-
tion and matching methods that were omitted in the main paper due to space
limitations.

4.1 Fundamental matrix estimation for general intrinsics

Table 1 shows the rotation, translation (in degrees) errors, and run-times (in
milliseconds) for fundamental matrix estimation with SP+NN. Compared with
SP + LG (see the results shown in the main paper, reproduced here for con-
venience), we can see that LightGlue is more suitable for SuperPoint. For the
Phototourism dataset, SP+NN can give slightly better rotation estimates, but
the translation estimates from SP+LG are significantly better.
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Table 1: Rotation and translation errors (in degrees), and run-times (in milliseconds)
on the Phototourism , KITTI , and ETH3D datasets for fundamental matrix estimation.
The best and the second best method are highlighted.

Feature Depth Method
Phototourism KITTI ETH3D

ϵR(◦) ϵt(
◦) τ(ms) ϵR(◦) ϵt(

◦) τ(ms) ϵR(◦) ϵt(
◦) τ(ms)

SP
+

N
N

- 7pt 2.94 20.6 4.90 0.19 0.75 3.48 1.61 29.9 4.53

Relative depth 4p4d 2.32 18.4 3.03 0.14 0.63 2.41 0.73 12.6 2.38
4p3d 2.37 17.5 4.63 0.15 0.66 3.86 0.81 13.2 3.76

Self-sca-ori

4SIFT 3.05 25.2 3.80 0.20 0.76 3.16 2.05 46.3 3.28
4p4d 2.99 24.2 3.26 0.20 0.76 2.72 1.98 44.3 2.89
4p3d 3.04 25.3 3.46 0.20 0.75 2.86 2.01 44.0 4.21
5ORI 3.05 24.5 4.95 0.21 0.76 4.06 2.18 50.2 4.57

DepthAny 4p4d 3.02 24.3 3.32 0.20 0.75 2.68 2.04 45.6 2.76
4p3d 3.02 25.3 5.33 0.20 0.75 4.41 2.00 43.1 4.63

SP
+

L
G

- 7pt 2.62 10.6 7.05 0.18 0.67 3.81 1.47 27.1 3.89

Relative depth 4p4d 1.90 7.24 4.66 0.13 0.59 2.63 0.68 11.5 2.00
4p3d 1.83 6.24 6.84 0.14 0.62 3.71 0.75 11.2 3.42

Self-sca-ori

4SIFT 3.32 13.3 5.98 0.17 0.67 3.43 1.79 39.8 2.75
4p4d 3.31 13.1 4.70 0.17 0.66 2.73 1.74 37.6 2.34
4p3d 3.29 13.3 5.76 0.17 0.66 3.35 1.77 37.2 4.01
5ORI 3.57 14.2 6.56 0.17 0.66 3.68 1.91 43.0 3.58

DepthAny 4p4d 3.32 13.3 4.98 0.17 0.67 2.78 1.77 38.8 2.33
4p3d 3.33 13.3 8.87 0.17 0.67 5.01 1.74 37.1 4.17
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(a) (b)

(c) (d)

Fig. 1: Numerical stability of the proposed 4p4d, 4p3d, and 3p3d solvers.

4.2 Equal and Unknown focal length

Table 2 shows the rotation, translation (in degrees), and focal length errors,
and run-times (in ms) for combinations of feature detection and matching meth-
ods for equal focal length solvers that were omitted in the main paper due
to space limitations. In general, SP+LG performs best on Phototourism and
ETH3D datasets, and SIFT+NN performs best on KITTI dataset. Although deep
learning-based detection and matching methods have shown significant advan-
tages over traditional methods on challenging environments, SIFT+NN still are
relevant in scenarios were a strong robustness to changes in viewing conditions
is not required.
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(a) (b) (c)

(d) (e) (f)

Fig. 2: Errors in translation for the case of unknown and different focal lengths (a,d)
and errors in translation and focal length for the case of unknown and equal focal
lengths (b,c,e,f) in the presence of image pixel noise (top) and noise in the relative
depths (bottom) with 2 px image noise.

Table 2: Rotation and translation errors (in degrees), focal length error, and run-times
(in milliseconds) on the Phototourism , KITTI , and ETH3D datasets for the equal and
unknown focal length problem. The best and the second best method are highlighted.

Feature Depth Method
Phototourism KITTI ETH3D

ϵR(◦) ϵt(
◦) ϵf τ(ms) ϵR(◦) ϵt(

◦) ϵf τ(ms) ϵR(◦) ϵt(
◦) ϵf τ(ms)

SI
F
T

+
N

N

- 6pt 1.86 7.38 0.14 25.1 0.09 0.58 0.72 24.2 1.87 28.5 0.37 19.7
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SI
F
T

+
L
G
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DepthAny 3p3d 1.74 5.90 0.14 26.0 0.13 0.66 0.79 20.1 1.83 28.0 0.37 14.2

SP
+

N
N

- 6pt 2.48 20.2 0.21 32.2 0.15 0.73 0.79 22.1 0.95 12.4 0.25 25.5
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3p3d 2.48 11.5 0.24 15.4 0.16 0.71 0.78 15.2 0.90 12.6 0.26 15.3

DepthAny 3p3d 2.52 11.4 0.24 17.2 0.16 0.71 0.78 15.4 0.90 12.6 0.27 15.3
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