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1 Theorem 1

Let fs, fr : X € RP? — K denote the true labeling functions on the source and
target domains. Given a distance metric € that satisfies the triangle inequality,
the expected target error is bounded for Vh € H : X € RP — K:

er(h) = er(h, fr)
= er(h, fr) —er(h, fs) + er(h, fs) +es(h, fs) —es(h, fs)
+es(h, fr) —es(h, fr)
=es(h, fs) + (ex(h, fr) — er(h, fs)) + (es(h, fr) — es(h, fs))
+er(h, fs) —es(h, fr)
<es(h) +er(fs, fr) +es(fs, fr) + er(h, fs) — es(h, fr) = Ui(h)

(1)
Analogously, the expected target error is also bounded by,

er(h) = er(h, fr)
=er(h, fr) + ler(fs, fr) — er(fs, fr)] + [es(h, fs) — es(h, fs)]
+ [es(fs, fr) — es(fs, fr)]
=es(h, fs) + [er(h, fr) — er(fs, fr)] + [es(fs, fr) — €s(h, fs)]
+er(fs, fr) —es(fs, fr)
<es(h)+er(fs, fr) —es(fs, fr) +er(h, fs) +es(h, fr) =Uz(h) (2)

Combing Egs. and 7 a more rigorous expected target error bound can
be derived as,

er(h) < es(h) +er(fs, fr) + er(h, fs) = les(fs, fr) —es(h, fr)|  (3)

Given a distance metric € that satisfies the triangle inequality, for Vf§ €
Hs € H,Vf . € Hr C H, the expected target error is bounded for Vh € H : X €
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RP — K:

Ur(h) <es(h) + ET(fSa [$) +er(fs, fr) +er(f7, fr) +es(fs, f§) +es(f§, fT)
+es(fr, fr) +er(h, f§) +er(fs, fs) — es(h, fr) + es(fr, fr)
=es(h) + eT(va fr) +es(fs, fr) +er(h, f3) —es(h, f7)
+2er(fs, f5) +es(fs, f5) + 2es(fr. fr) + er(f1. fr)
= es(h) +er(f3, fr) + es(f3, fr) +er(h, £§) —es(h, f7) + 0 (4)

where 0 = 2er(fs, f3) + es(fs, £5) + 2es(f7, fr) + er(f7, fr) = 0s + Or.
Applying Eq. to Eq. , the expected target error bound based on
approximated labeling functions f& € Hg C H, fr € Hr C H can be written as,

er(h) < es(h) + er(fs, fr) +er(h, f3) — les(fs, f1) — es(h, fp)| + 0
0= 26’1‘(.]057]0;) + GS(fS:f;*) + 2€S(f’;:7fT) + €T(f7tafT) = 9/‘@‘ + efT (5)

2 Theorem 2

Let F be a class of real-valued functions mapping X — R and D= {x1,...,zm} a
finite sample drawn i.i.d. according to a distribution D, the empirical Rademacher
Complexity of F is defined as follows:

) = i % 6
Rp(F) = —E, lﬁ‘;}i;" (i 1 (6)
The expectation is taken over o = (01, ..., 0,,) where o; is an independent uniform
random variable taking values in {—1,+41}. Following the established theory
proposed by [7], we denote the empirical and expected disagreement of functions
[, f" over Dby ex(f, f') and ep(f, f'). Assume that the loss function € is bounded
with M > 0, given the real-valued function space F§ ; : X — e(f(X), f'(X)) €
[0, M], according to [1L/4], for any o > 0, with probability at least 1 — 20/9 over
samples D of size m, the following inequality holds for all f, f’:

/ e (f, / . log 2
DULI) < DUITD | g7y g f0) + 3 (7)
' €r ) ' Ve € 1 %
~olhT) D(]Qf) Wy (Ff /M) + 3 (8)

According to Assumption 1, there exists approximated labeling functions
f& € Hg, f; € Hr such that the empirical 6 estimated on finite set S, 7" is close
to zero,

>
Il

2¢4(fs: f5) + €5(fs, f5) + 2e5(f7, fr) + €p(f7, fr) = O (9)
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Combing Egs. and to @D, the generalization error of the proposed
target error bound based on Rademacher Complexity can be derived as: for any
o > 0, with probability at least 1 — 20, for Vh € H:

er(h) < eg(h) + e;(f§, f1) + e (h, f3) — leg(f§, fr) —eg(h, f7)| + 2[%§(}-§7fs)
+ R (Fpe ) + Rp(Fhy p2) + R (Fhz g ) + R (Fiypr) + R (Fig 52)

¥ € s € s € IOg% IOg%
+ 2R (Fhp p2) + R (Fhp pr) + 2R3 (Ffg )] +3M (5 o +6 on )

(10)

3 Joint Error

Given Eq. , we explain the relation between our upper bound and the joint
error in [2] as follows (same for Us(h)):

minU; (h) = hmei;-tl[es(h) +er(fs, fr) + er(h, fs) + es(fs, fr) — es(h, fr)]
> hmeiﬁ[eT(f& Ir) +er(h, fs)]
> er(fs, fr) b

if fg € H, we can derive er(fgs, fr) serves as an upper bound of joint error A
as

er(fs, fr) = er(fs, fr) +es(fs, fs) > hmeigil(GT(h) +es(h)=A  (12)

Otherwise, we can always derive:

er(fs, fr) > er(fs, fr) — er(fs, fs) + es(fs, fs) — es(fs, fs) (13)

Let S, T denote a finite set with size n, m from domain S, T. According to Assump-
tion 1, there exist hypotheses f§ € H such that we can ignore €4 (f3, fs), €5(f§, fs)
and lower bound er(fg, fr) with empirical Rademacher Complexity. Given func-
tion space Fp. o = {f(z) = e(fé(z), fs(x)) : X = [0, M]|fs € H}, for any
0 > 0, with probability at least 1 — ¢,

er(fs, fr) = X = [e5(f5, fs) + e (f5, f9)] — 2R3 (Ffs s) — 2Re(Fz 1)

Zero

log 4 log 4
—3M J J 14
SM(\[ 5=+ =,.7) (14)

4 Assumption 1

Let S ,T denote finite sets with size n, m from domain S, T". Given the empirical
Rademacher Complexity of function space Fj. ;= {f(x) = e(fi(z), fs(x)) :
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X — [0, M]|f& € H} over ST, for any & > 0, with probability at least 1 — 4, the
expected deviation 6, is bounded by the empirical estimation for V& € H:

Ors < €s(fs: fs)+ 2e7(fs, fs)

Ofs

é gl
+ 2R (Ffs ps) + AR5 (Fis 1, +3M\/ 83 \/ 85

We assume there exists f§ € H such that 6 ts — 0. Note that this assumption is
more feasible than assuming empirical joint error A — 0 in 2], especially when
the domain shift is large. To facilitate the analysis, let g : X C RP? — Z C R¥ be
injective on S, T with size n = m respectively, such that true labeling functions
fs, fr can be decomposed as f£ og, fF og. Let S% ZsUZoand T % Zp U Zc
denote the feature space where overlap at Z¢ with size ¢. For h € Hr, : Z2 =K,

hlen?_iLI;g leg(hog, fs) +ep(hog, fr)] = A

. —c F c P c Py, M—C P

—hlénqulff{g[ - Ezs(hvfs)‘*‘aezc(h,fs)‘*‘Efzc(hafT)‘f‘szT(hva)]
m—c m—c c PR

z hg%n €z, (N, szThg%n €5, (hy fT) + e frifs) - (16)

Wi [es(hog. fs) + ep(hog. fs)]

. —c r c o c I m—c o

=i [T —ea ( fs) + eae (o fs) + ego (b fs) + = —ez, (0 f5)]
m—=c¢ — C

§ m_e

> T i e, S + 0 min g (0 ) o

From Eq. , assuming A — 0 requires €, (fE, ff) — 0, which implies a
small domain shift since f£, ff' tend to disagree on Zc in large domain shift
such that g 7 increases as ¢ grows. Assumption 1 in Eq. 1) can be easily

satisfied regardless of the domain shift. In addition, even if €5 _ (fr, &) =0, the
solution for A\ — 0 tends to be more complex, which can be out51de the hypothesis
space?—lp E.g., let f& = |z] and fF = |z—1\+1 For Zg C (—00,0], Z¢ C
(0,1), Zr C [1,00), the optimal solution of Eq. (16) is

—Zz, PSS ZS
z, 2€ 20 p=hz) g Hr, = {2 alz —b| +cla,b,ce R}  (18)
—2z24+2, z€ ZT
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5 Lemma 1

In multi-class classification, we can decompose the hypothesis space hog € H
and learn the hypothesis h € Hp, : Z C R¥ — K by minimizing the expected

misclassification rate given Assumption 2 and the label distribution Z —1 7Ts =1

K-1 K-1
s(hog) =" msesi(hog)+ (1= 7h)esx(hog)
=1 =1
E-1 K-1
= ) msesi(hog) +(1— ) ms)erx(hog) (19)

Il
—

7 =1

We reformulate vr(h) from Definition 4 which denotes the probability that
the unlabeled samples have not been classified as the unknown class given the
label distribution >/ | 7i. = 1 and Proposition 1:

T
>

—1
vr(hog) = Y. mhopi(hog)+(1— 3. wh)opx(hog)

=1 1

.
I

S

S

= WiTUTi(h og)+(1— W’T)eTx(h 0g) (20)
1 i=1

%

By excluding the intractable term erx (hog) due to the shortage of labeled data
in class K, we can estimate the expected error on S by S’, T given Assumption
2 with a mild condition that wg =rf=1-a

K-1

es(hog) = Zwseslhog)—i-f{v:phOg ZWTUTIhog}

i=1

= alegi(hog) —vgi(hog)|+vr(hog) (21)

6 Lemma 2

Given the label distribution 7%, 74,4 = {1,2, ..., K}, Assumption 2 and Corollary
1, we can reformulate the following terms:
K-1 K—

es(fsog,fro9) = Z myesi(f§0 g, frog) + (1= mhesx(fEog, fiog)

i=1

—

o
Il
—

o
Il

=
L
=

=) msesi(f§og. frog) + (1= ) mo)vsx(f§og,f1o9)
i=1 i=1

(22)
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=
L
=
L

vr(fsog, frog) = mpvri(fEog, frog)+ (1= ) wp)vrx(fsog. frog)
=1 =1
K—-1 K—-1

= mruri(fsog, frog) +(1— mp)vsk (f§og, frog)
i=1 i=1

(23)

By excluding the intractable term vgx (f§ o g, f7 o g) due to the shortage of
source data in class K, we can approximate the expected discrepancy on S by
S’.T with a mild condition that 7§ = 7 =1 — «

K-1

es(f5og, ffog) =Y mhesi(f5og. ffog)

i=1

K-—1
™S Cor(f5og. fiog)— Y mhur(fiog o))

K
T i=1
afes

(f509,f709) —vs(f509,fro9)]+vr(fieg, f%(o 9))
24

Analogously, we can also derive:

es(hog, frog)=alesi(hog, ffog)—vg(hog, f1og)] +vT(hog,f%0%) |
25

7 Proof of Eq.(6)

Given Definition 8 and Definition 9, the Open-set Margin Discrepancy between
f, [ € H over TX is defined by,

erx (f, f1) = Byorx fomd(f(2), f1(x))]
omd(f(z), fr(z)) = max(|log(1 — f(x)[y]) —log(1 — fz(x)[y])l,
[log(1 — fr(x)ly"]) —log(1 — f(=)[y*])I),  (26)
where y = I(f(z)),y* = I(f#(z)). When measuring on z ~ TX, y* = K and

fr(x)[K] = 1 since f7 is the approximated labeling function of target domain.
Therefore, we can derive that,

ers(f, 1) = Bgnrr|log(1 = f7(2)[K]) —log(1 = f(2)[K])| = vrx(f, f1), (27)

which is equivalent to Definition 5 of Unknown Predictive Discrepancy in Eq.(15).
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Table 1: Statistics of ResNet-50 model fine-tuned on Office-Home dataset (OS)

Stats Pr—Ar Pr—Cl Pr—Rw Rw—Ar RW—Cl Rw—Pr

UNK OS* OS UNK OS* OS UNK OS* OS UNK OS* OS UNK OS* OS UNK OS* OS
avg. | 38.4 T4.8 73.4| 42.2 64.4 63.6| 37.9 87.7 85.8| 23.4 81.0 78.8/39.2 71.2 70.0| 39.1 88.2 86.3
std. [ 0.45 0.71 0.69| 0.31 0.12 0.15| 1.91 0.25 0.38| 1.66 0.52 0.68| 1.35 0.07 0.12| 1.60 0.22 0.16
Stats Ar—Cl Ar—Pr Ar—Rw Cl—=Rw Cl—Pr Cl—Ar MEAN

UNK OS* OS UNK OS* OS UNK OS* OS UNK OS* OS UNK OS* OS UNK OS* OS UNK OS* OS
avg. | 57.1 66.6 66.3| 52.1 82.8 81.6| 45.2 88.9 87.2| 55.9 81.8 80.8| 51.4 81.5 80.3| 42.5 71.0 69.9|43.7 78.3 77.0
std. | 0.75 0.09 0.10| 0.26 0.71 0.65| 0.76 0.23 0.14| 0.98 0.33 0.28| 1.72 0.18 0.10| 0.36 1.34 1.25| 1.01 0.40 0.39

Table 2: Statistics of ResNet-50 model fine-tuned on Syn2Real-O dataset

Stats|plane bcycl bus car horse knife mcycl person plant sktbrd train truck|UNK OS* OS HOS
avg. [ 90.7 73.8 75.1 724 77.8 33.8 91.2 588 795 46.5 849 5.1 |69.0 65.866.0 67.3
std. | 0.44 1.36 0.10 1.98 0.56 0.98 0.56 0.35 0.77 1.87 0.11 0.54|0.95 0.52 0.48 0.55

8 Statistics

For each sub-task on Office-Home and Syn2Real-O datasets, we ran the experi-
ments three times with different random seeds. This section provides the average
accuracy and the standard deviation of our method. Tabs. [I] and [2| show the
detailed statistics of open-set domain adaptation on Office-Home and Syn2Real-O
datasets, respectively. We will release the source code upon acceptance of the
paper to ensure reproducibility.

9 Network Architecture

In this section, we further verify the effectiveness our proposal when deploying
a much more powerful backbone ViT-B/16 [3]. Tab. |3| shows the comparisons
with SOTA methods (DCC [6], GLC [§], MemSPM |5]) for the OUDA problem
setting on Office-Home dataset, which demonstrates that PUJE can improve the
adaptation performance regardless of the network architecture.

10 Consistency

In this section, we recall a general problem associated with the consistency between
the algorithm and theory in domain adaptation. ¢ should be a distance metric
that stays consistent across the measurement of source error and discrepancy
according to the derivation of any target error upper bound. However, most
works violate this consistency as known as the gap between the algorithm and
theory. Although our proposal cannot perfectly address this problem, we can
prove that OMD asymptotically satisfies the consistency.
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Table 3: HOS score of ViT model fine-tuned on Office-Home dataset (some results are
cited from [5])

METHOD Pr—Ar Pr—Cl Pr—Rw Rw—Ar RW—Cl Rw—Pr
UNK OS* HOS UNK OS* HOS UNK OS* HOS UNK OS* HOS UNK OS* HOS UNK OS* HOS
DCC - - 593 - - 615 - - 809| - - 681 - - 625 - - 80.0
GLC - - 699 - - 59.6| - - 84.6| - - 733 - - 66.8| - - 839
MemSPM | - - 723| - - 66.7| - - 852 - - T2 - - 66.0| - - 845
PUJE |87.4 70.9 78.3/89.9 50.2 64.4|86.5 90.7 88.6| 81.8 77.9 79.8|89.7 53.4 66.9| 86.5 88.1 87.3
METHOD Ar—Cl Ar—Pr Ar—Rw Cl—»Rw Cl—Pr Cl—Ar MEAN
UNK OS* HOS UNK OS* HOS UNK OS* HOS UNK OS* HOS UNK OS* HOS UNK OS* HOS UNK OS* HOS
DCC - - 629 - - 733] - - 7841 - - 75.0] - - 692 - - 49.8] - - 684
GLC - - 684 - - 81.7| - - 845 - - 83.8] - - 824 - - 76.0| - - 76.2
MemSPM| - - 69.7| - - 832 - - 85.2] - - 81.2] - - 792 - - T720] - - 76.5
PUJE |91.0 50.5 65.0|90.2 82.6 86.3|85.3 91.3 88.2| 85.6 88.7 87.1|87.6 85.5 86.6| 86.0 71.7 78.2|87.3 75.1 79.7

First of all, we show that OMD obeys the triangle inequality under the
following circumstance. For the case where two hypotheses agree on the point
x (y =1U(h1(z)) = l(ha(x)),l(hs(x)) = y; this condition is almost met when we
derive the upper bound in Theorem 1 except for fr,h), given Definition 9,

omd(hq(z), hs(x)) + omd(he(x), hs(z))
= max(|log(1 — ha(2)[y]) —log(1 — hs(z)[y])l,
[log(1 — ha(2)[y']) —log(1 — ha(x)[y'])])
+ max(|log(1 — ha(x)[y]) — log(1 — hs(z)[y])],
[log(1 — ha(2)[y']) —log(1 — hs(z)[y']))
> |log(1 — ha(z)[y]) — log(1 — hs(z)[y])|
+ [log(1 — ha(z)[y]) — log(1 — hs(x)[y])]
> |log(1 — ha(x)[y]) —log(1 — ha(2)[y])| = omd(h1 (), ho(z))  (28)

As the training proceeds, the target error of A will be minimized such that
the discrepancy between h, fr over domain T is constantly reduced. Given
the assumption that fr,h gradually agree on T, we can conclude that OMD
asymptotically satisfies the triangle inequality.

Then we show that the cross-entropy loss is a special case of OMD by
reasonably assuming fs(z)ly] = 1 and I(fs(z)) = I(h(x)) = y for (x,y) € S.
According to Definition 9, the source error of h defined based on OMD can be
written as:

min es(h) = minE, s [omd(h(z), fs(2))]
= min By s|log(l — fs(2)[y]) — log(1 — h(z)[y])]

= minEy, s log(1 — h(z)[y]) (29)

In practice, we optimize — logh(x)[y] instead to avoid exploding or vanishing
gradient.
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11 Limitations

Generally, our algorithm should be feasible if the learning task satisfies the
OUDA problem setting defined by [9]. One potential concern would be the
approximated labeling function space Hr, (Definition 7) might not contain
the decomposed approximated labeling function f given an unreliable semi-
supervised regularization L,.,. However, this problem has already been ad-
dressed by |10] with experimental evidence in the practical dataset that at the
task with the largest domain shift, the following inequality is always satisfied:
Lais(f5, f7.hy9) < SUPf1 e, fretr, Lgis(f§, fr,h; g) during the training pro-
cedure. There might be another concern related to Assumption 2. However,
we have to emphasize that we do not assume Z’, Z%X to be mutually disjoint.
The density functions of Z’, ZX can have common support. In practice, the
feature space is aligned given data S’ T with various label space such that
T’ may be only matched to a part source domain as S’. In that case, we can
ensure Pg/(z) = Pp/(z) by an alternative assumption of consistent label distribu-
tion Ps/(y) = Pg (y) given Pg, (2) = Pr/(z) since there is no covariate shift as
Py (x]y) = Pg (x]y)-
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