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Appendix A. PDE Solver Based on Green’s Function
(Inverse Filtering)

Our very first attempt of solving partial differential equations (PDEs) were made
using matrix form as shown in equation 6 in the paper. The main drawback
of this solver is a significant slowdown of the training and testing stages. For
efficient PDE solver we can use the well-known fact from the theory of partial
differential equations about fundamental solutions, i.e., Green’s functions, of an
arbitrary differential operator. Here, we provide some theoretical background to
get a solver based on Green’s function (we call it Green solver) and then we
show that this solver is equivalent to inverse filtering.

Definition 1 (Green’s function). Function G is called a Green’s function of
a differential operator L, if L(G) = 6, where § is a Dirac’s delta function.

Theorem 1. IfG is a Green’s function of a differential operator L, then solution
I of equation L(I) = f is obtained by I = G * f, where x denotes the convolution
operator.

By adding zero Dirichlet boundary conditions and using this theorem, we can
obtain a solution for any differential operator. For discrete signals, we replace £
with a convolution of a discrete signal with the finite-difference approximation
kernel K of the differential operator. To meet Dirichlet conditions, we pad the
images with zeros. For our problem, we can write: I;, = G * Ipo, where I, is
the input image and Ipo is the image in the differential operator domain.

In order to compute the solution efficiently, we can use the convolution the-
orem that states that under suitable conditions the Fourier transform of a con-
volution of two functions is the point-wise product of their Fourier transforms:
F(g*h)=F(g)-F(h), where F denotes the Fourier transform. That way, from
Definition [I] and Theorem [I] we obtain:

F(9)
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where K is the finite-difference approximation kernel of the differential operator.
Thus, we can obtain the input image as follows:

F(6
F(K)

= I=F"! <]]-:—((15()) ']:(IDO)> . (2)

Iin = G % Ipo = ]:(Iin) Z]:(G) ']:(IDO) = ]:(IDO) =

In order to obtain the enhanced (SR) output of the network we replace Ipo with
the network output in the DO domain.

One can notice that F(§) is redundant in equation [2| as it is equal to 1 by
definition. After removing it, we obtain the formulation of Inverse Filtering (IF),
which is well-known in image processing and it can also be derived from another
point of view. As the operator image can be obtained using the above-mentioned
convolution theorem in the Fourier domain in the following way:

F(Ipo) = F(lLin) - F(K),

we can reconstruct the input image from its operator image in the following
form:

F(Ipo)

F(lin) = FK) (3)

As we lose some frequency information from the input image since the dif-
ferential operator kernels are high-pass filters in general, the reconstruction is
ill-posed (the denominator contains zeros). Moreover, it is well-known that in-
verse filtering is extremely sensitive to the presence of noise [1]. To make inverse
filtering robust to the noise, its modifications are usually applied: Wiener fil-
tering or inverse filtering with Tikhonov regularization. We used partial case of
Tikhonov regularization by adding small constant to the denominator:

F(Ipo)

F(Iin) = FK) + a(K)’ (4)

where oK) is a small real-valued constant, that depends on the operator kernel.
In our experiments we checked different modes of making denominator non-zero:

— a(K) = const - alpha does not depend on whether some coefficients of F(K)
are zero or not;

— a(K == 0) = const - replace all zero coefficients of F(K) with a small
real-valued constant;
— a(K == 0) = interp(K! = 0) - interpolate zero values using the neighboring

non-zero values.

We also tried trainable a(K) for the first and second options. Overall, we did not
identify a pattern in the results with different techniques of zero management
in a(K) on different SR networks. But making «(K) trainable provides slightly
better results for almost all cases.
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As mentioned in the main text such approach is not robust to errors in the
operator domain by its construction and thus we processed images using small
patches of size 64 by 64 with overlap 16. This approach provided good results
but the computational overhead is pretty impressive. So we moved forward to
regularized version of solver.

Appendix B. Robustness of the Proposed Approach to
Different Bitwidth

We checked our approach on EDSR with scale x2 using different bitwidths rang-
ing from 2 to 8 for both weights and activations. The PSNR curves for the pro-
posed approach and regular quantization are shown in Fig. For reference, we
also provide results for the FP model and bicubic upsampling. From this figure,
we can conclude that the proposed approach significantly outperforms regular
quantization for all bitwidths. Moreover, our method is still better than bicu-
bic upsampling even for quantization into full 2-bit quantization, while regular
quantization produces results worse than bicubic upsampling at this bitwidth.
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Fig. S1: PSNR for the proposed approach and regular quantization of EDSR x2 using
different bitwidths. Results for the FP model and bicubic upsampling are also shown
for reference.

Appendix C. Visual Comparison of the Results with
Regularized PDE Solver

This section is devoted to the extended visual comparison of the proposed
method applied to different SR networks on different scales. We present results
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for SRCNN with scales x2 in Fig. [S2] x3 in Fig. [S3] and x4 in Fig. [S4 ESPCN
with scale x3 in Fig. [S5} EDSR with scales x2 in Fig. [S6] x3 in Fig. [S7} and x4
in Fig. [S8 and RFDN with scale x2 in Fig. [S9

The overall effect of the proposed approach is similar between the considered
networks and can be summarized as follows:

— Details are improved in almost all regions compared to regular quantization;

— Smooth regions do not have contour artifacts, while regular quantization
produces them in such regions;

— Details in the dark or over-saturated regions are well-preserved, while regular
quantization smooths them out.
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Fig. S2: Visual comparison for SRCNN X2 using regular full 4-bit quantization (de-
noted as Regular W4A4) and the proposed approach for full 4-bit quantization (denoted
as Our W4A4). Additionally, results of FP model and original HR patch are provided.
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